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THE E-POLYNOMIAL FOR THE INTERSECTION COHOMOLOGY OF THE
MODULI SPACE OF HIGGS BUNDLES
CAMILLA FELISETTI
Abstract. Let C be a smooth projective curve of genus g ≥ 2. Following a method by O’ Grady,
construct a desingularization MˆDol of the moduli spaceMDol of semistable Higgs bundles (V,Φ) with
trivial determinant on C. For g = 2 we prove that MˆDol can be blown down to another desingular-
ization M˜Dol which is semismall and use the decomposition theorem by Beilinson, Bernstein, Deligne
and Gabber to compute the E-polynomial for the intersection cohomology ofMDol.
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1. Introduction
Let C be a smooth projective curve of genus g ≥ 2. Its associated analytic space, which we still
denote by C, is a Riemann surface and its fundamental group π1(C, x0) is well known to be isomorphic
to
〈α1, . . . , αg, β1, . . . , βg〉
〈
∏
[αi, βi]〉
,
the quotient of the free group on 2g generators modulo the normal subgroup generated by the product
of the commutator [αi, βi] = αiβiα
−1
i β
−1
i . A representation of π1(C, x0) with values in GL(n,C) is
uniquely determined by 2g matrices A1, . . . , Ag, B1, . . . , Bg in GL(n,C) such that
∏
[Ai, Bi] = In. We
1
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define the Betti moduli space MB(n, 0) as the GIT quotient
MB(0, n) :=
{
(A1, . . . , Ag, B1, . . . , Bg) ∈ GL(n,C)
×2g |
∏
[Ai, Bi] = In
}
//GL(n,C)
with GL(n,C) acting by conjugation. Doing the GIT quotient implies to eliminate points whose orbit
is not closed, namely the points corresponding to representations which are not semisimple. MB(0, n)
is an affine variety, generally singular. Of course such a procedure can be done with any reductive
algebraic Lie Group and we call the varieties obtained in this way character varieties. For the unitary
group U(n) the character variety can be constructed using a similar procedure; Narasimhan and
Seshadri [NS] have shown that there exists a real analytic isomorphism between the character variety
of unitary representations and the moduli space N (0, n) of semistable vector bundles on C of degree
0 and rank n. This variety, which has been the focus of several works in mathematics, parametrizes
equivalence classes of semistable algebraic vector bundles V on C. Let us detail a bit the kind of
equivalence relation.
Definition 1.1. Let V be an algebraic vector bundle on C.
(1) For any subbundle W ⊂ V one has µ(W ) :=
degW
rankW
≤
deg V
rankV
=: µ(V ).
We call µ(V ) the slope of V . A bundle is said to be stable if a strict inequality holds.
Also, we say that a vector bundle is polystable if it can be written as a direct sum of stable bundles.
Whenever a bundle V is strictly semistable we can find subbundle W with least rank with the same
slope as V : as a result the bundle V/W is a stable bundle with the same slope as V . Proceeding in
this way we can construct a filtration, called the Jordan-Ho¨lder filtration
0 =W0 ⊂W1 ⊂ . . . ⊂Wk = V
such that Wi/Wi−1 is a stable bundle with the same slope as V . Setting Gr(V ) := ⊕iWi/Wi−1
this is a polystable bundle with the same slope as V . We say that V and V ′ are S-equivalent if
Gr(V ′) = Gr(V ). Notice that S-equivalence is an equivalence relation and every class has a unique
polystable representative up to isomorphism. Therefore we can think N (0, n) both as semistable
bundles modulo S-equivalence and polystable bundles modulo isomorphism. The stable bundles form
a smooth dense locus N s(0, n), which corresponds to irreducible representations in the character
variety. Moreover, if one wants to consider bundles of degree d, it suffices to replace the identity
with e
2piid
n in the product of commutators which define the character variety. If one instead wants to
consider bundles with trivial determinant then the representations in the character variety must take
with values in SU(n).
A natural question to ask is what happens when we consider representations in the whole GL(n,C),
namely the Betti moduli space. Is there a corresponding geometrical object in terms of bundles over
C? The answer has been given by Hitchin [H] and leads to the definition of Higgs bundles.
Definition 1.2. Let C be a smooth projective curve over C. LetKC denote the canonical bundle on C.
A Higgs bundle is a pair (V, φ) where V is a holomorphic vector bundle on C and φ ∈ H0(EndV ⊗KC)
is a holomorphic one form with coefficient in EndV , which we call Higgs field.
We say that W ⊆ V is a Higgs subbundle if φ(W ) ⊂ W . As in the case of vector bundles we can
define the notions of stability in the same way considering Higgs subbundles. We defineMDol(d, n) to
be the moduli space of equivalence classes of semistable Higgs bundles of rank n and degree d over C.
Again if one wants to consider Higgs bundles with trivial determinant then the representation must
take values in SL(n,C).
MDol(0, n) is a quasi-projective normal irreducible variety, generally singular. The smooth locus is
dense and parametrizes stable pairs. Observe that whenever d and n are coprime, every semistable pair
is indeed stable, therefore the moduli space is smooth. If not, the singularities corresponds precisely
to the strictly semistable pairs. Such a moduli space, comes equipped with a map to some affine space.
Such a map is called the Hitchin fibration and maps a pair (V,Φ) to the characteristic polynomial of
Φ.
The work of Corlette [Co] , Donaldson [Do], Hitchin [H] and Simpson [Sim] shows that there exists a
real analytic isomorphism between the Dolbeault moduli space and the Betti one
(2) MDol(d, n) ∼=MB(d, n).
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In particular, for the case of rank 2 and degree 1 Higgs bundles, which corresponds to the twisted
character variety of GL(2,C), De Cataldo, Hausel and Migliorini [dCHM] stated and proved the so
called P =W conjecture, which asserts that the Weight filtration on the cohomology of the character
variety corresponds in the isomorphism in (2) to the Perverse filtration constructed from the Hitchin
fibration. The case we are interested in is the one of non twisted representations into SL(2,C), which
corresponds to Higgs bundles with rank 2 and degree 0 with trivial determinant. We would like to see
whether such a conjecture holds also in this case, where the varieties involved are singular.
Since we are dealing with singular varieties, theory suggests that the natural invariant to look at
is intersection cohomology. The first step has been to compute the intersection cohomology groups
of the Dolbeault moduli space, which from now we will call just MDol for simplicity. If M˜Dol is a
resolution of the singularities, then the Decomposition Theorem says that the intersection cohomology
groups of MDol are a direct summand of the ordinary cohomology groups of M˜Dol. Following ideas
by [OG] and [KY], we constructed a desingularization of MDol for any genus. In the case of genus 2,
the Decomposition Theorem admits a simpler form, and allows to decompose the cohomology of the
desingularization as
H∗(M˜Dol) = IH
∗(MDol)⊕H
∗(Σ,LΣ)⊕H
∗(Ω,LΩ)
where IH∗(MDol) denotes the intersection cohomology of MDol, while LΣ and LΩ are local systems
supported on the singular locus of MDol which is formed by Ω and Σ.
We use this splitting to compute the E-polynomial for the intersection cohomology.
2. Quick review of intersection cohomology and decomposition theorem
Pure Hodge theory allows to use analytic methods to study the algebro-geometric and topological
properties of an smooth algebraic varieties and comes with the so called Hodge-Lefschetz package,
which includes important theorems such as Hard Lefschetz, Poincare´ duality and Deligne’s theorem
for families of projective manifolds, i.e. the so called Hodge-Lefschetz package.
When one tries to work with singular varieties the theorem needed in pure Hodge theory break down.
Intersection cohomology, along with mixed Hodge theory, comes to save the whole picture.
The intersection cohomology groups are defined as the hypercohomology of some complexes, called
intersection complexes, that live in the derived category of constructible complexes. The intersection
complexes are constructed from local systems defined on a locally closed subsets of an algebraic variety
with a procedure called intermediate extension (see [BBD, 1.4.25,2.1.9, 2.1.11]).
There is a natural isomorphism H i(X) → IH i(X) which is an isomorphism when X is nonsingular.
Moreover these groups are finite dimensional, satisfy Mayer-Vietoris theorem and Ku¨nneth formula.
Even though they are not homotopy invariant, they satisfy analogues of Poincare´ duality and Hard
Lefschetz theorem. The definition of intersection cohomology is very flexible as it allows for twisted
coefficients: given a local system L on a locally closed nonsingular subvariety Y of X we can define
the cohomology groups IH(Y ,L).
Definition 2.1. Let X be an algebraic variety and let Y ⊂ X be a locally closed subset contained
in the regular part of X. Let L be a local system on Y . We define the intersection complex ICY (L)
associated with L as a complex of sheaves on Y which extends the complex L[dimY ] and is determined
up to unique isomorphism in the derived category of constructible sheaves by the conditions
• Hj(ICY (L)) = 0 for all j < − dimY ,
• H−dimY (ICY (L|U))
∼= L,
• dimSuppHj(ICY (L)) < −j, for all j > − dimY ,
• dimSuppHj(DICY (L)) < −j, for all j > − dimY , where DICY L denotes the Verdier dual of
ICY L.
Remark 1. Let X be an algebraic variety with regular locus Xreg. In case L = QXreg then we just
write ICX for ICX(L) and we call it intersection cohomology complex of X. If X is nonsingular, then
ICX ∼= QX [dimX].
Definition 2.2. Let X be an algebraic variety. We define the intersection cohomology groups of X
as
IH∗(X) = H∗−dimX(X, ICX )
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In general, given any local system L supported on a locally closed subset Y of X we define the
cohomology groups of Y with coefficients in L as
IH∗(Y ,L) = H∗−dimY (Y , ICY (L))
Taking cohomology with compact support we obtain the intersection cohomology groups with compact
support IH∗c (X) and IH
∗
c (Y ,L).
Remark 2. Here the shift is made so that for a nonsingular variety the intersection cohomology
groups coincides with ordinary cohomology groups.
Along with the theorems of the Hodge-Lefschetz package, intersection cohomology groups satisfy
an analogue of Deligne’s theorem for projective manifolds i.e. the decomposition theorem. The general
statement of this theorem is complicated and will not be discussed here (see for example [dCM] for a
beautiful survey on the topic). However this theorem takes a particularly simple form when dealing
with a special kind of maps, namely semismall maps.
Definition 2.3. Let f : X → Y be a map of algebraic varieties. A stratification for f is a decom-
position of Y into finitely many locally closed nonsingular subsets Yα such that f
−1(Yα) → Yα is a
topologically trivial fibration. The subsets Yα are called the strata of f .
Definition 2.4. Let f : X → Y be a proper map of algebraic varieties. We say that f is semismall
if there exists a stratification Y =
⊔
Yα such that for all α
dimYα + 2dα ≤ dimX
where dα := dim f
−1(yα) for some yα ∈ Yα.
Definition 2.5. Keep the notation as above. We say that a stratum is relevant if
dimYα + 2dα = dimX.
The decomposition theorem for semismall maps takes a particularly simple form: the only contri-
butions come from the relevant strata Yα and they consist of nontrivial summands ICY α(Lα), where
the local systems Lα turn out to have finite monodromy. Let Yα be a relevant stratum, y ∈ Yα and let
F1, . . . , Fl be the irreducible (dimYα)−dimensional components of the fibre f
−1(y). The monodromy
of the F ′i s defines a group homomorphism ρα : π1(Yα) → Sl from the fundamental group of Yα to
the group of permutations of the F i’s. The representation ρα defines a local system Lα on Yα. In
this case the semisimplicity of the local system Lα is an elementary consequence of the fact that the
monodromy factors through a finite group, then by Maschke theorem it is a direct sum of irreducible
representations. As a result, the local systems will be semisimple, that is it will be a direct sum of
simple local systems. With this notation, the statement of the decomposition theorem for semismall
maps is the following.
Theorem 2.1 (Decomposition theorem for semismall maps). Let f : X → Y be a semismall
map of algebraic varieties and let Λrel the set of relevant strata. For each Yα ∈ Λrel let Lα the corre-
sponding local system with finite monodromy defined above. Then there exists a canonical isomorphism
in the derived category of constructible sheaves
ICX ∼=
⊕
Yα∈Λrel
ICY α(Lα)
3. The structure of MDol
Let us recall briefly the construction by Simpson of the moduli space MDol.
• [Sim, Thm. 3.8] Fix a sufficiently large integer N and set p := 2N + 2(1 − g). Simpson
showed that there exist a quasi-projective scheme Q representing the moduli functor which
parametrizes the isomorphism classes of triples (V,Φ, α) where (V,Φ) is a semistable Higgs
pair with detV ∼= OX , tr(Φ) = 0 and α : C
p → H0(C, V ⊗O(N)) is an isomorphism of vector
spaces.
• [Sim, Thm. 4.10] Fix x ∈ C and let Q˜ be the frame bundle at x of the universal bundle
restricted to x. Then we have SL(2,C) × GL(p,C) acting on Q˜. In fact SL(2,C) acts as
automorphisms of (V,Φ) while the action of GL(p,C) acts on the α’s. The action of GL(p,C)
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on Q lifts to Q˜ and Simpson proves that such an action is free and every point in Q˜ is stable
with respect to it, so we can define
RDol = Q˜/GL(p,C)
which represents the triples (V,Φ, β) where β is an isomorphism Vx → C
2.
• [Sim, Thm. 4.10] Every point in RDol is semistable with respect to the action of SL(2,C) and
the closed orbits correspond to the polystable pairs (V,Φ, β) such that
(V,Φ) = (L, φ)⊕ (L−1,−φ)
with L ∈ Pic0(C) and φ ∈ H0(KC).
Proposition 3.1. [Sim, Thm. 4.10] The good quotient RDol//SL(2,C) is MDol.
Thanks to proposition (3.2) it is possible to describe the singularities of MDol in terms of those on
RDol. Let Y be a complex projective scheme and G be a reductive group acting linearly on it (i.e. the
action lifts to OY (1)). Let W be a closed G-invariant subscheme and consider the blow-up π : Y˜ → Y
of Y along W . Then G acts both on Y˜ and on the ample line bundle
Dl := π
∗OY (l)⊗OY˜ (−E),
where l ∈ Z and E is the exceptional divisor of π. Again, we have that the action is linearized and we
can talk about stable and semistable points: we denote by Y (s)s the (semi)stable points with respect
to OY (1) and Y˜
(s)s(l) the (semi)stable points with respect to Dl.
Proposition 3.2. [K, Prop. 3.1] Keep the notation as above. For l ≫ 0 the loci Y˜ (s)s(l) do not
depend on l and we have that
π(Y˜ ss) ⊂ Y ss
π(Y˜ s) ⊂ Y s
In particular π induces a morphism on the quotients
π¯ : Y˜ //G→ Y//G
and for l sufficiently divisible we can identify such a morphism with the blow-up along W//G.
Kirwan’s proposition, roughly speaking, tells us that if we find a suitable desingularization of RDol
and we quotient by the action of SL(2,C) we obtain something with at worst quotient singularities
which has a birational map to MDol. After another blow-up we can eliminate the singularities and
find a desingularization of MDol. As a consequence, it is of primary importance to understand the
local structure of the singularities in RDol. By a result of Simpson [Sim, Section 1], the criterion for
GIT semistability of points in RDol coincides with the slope semistability of the corresponding Higgs
bundles.
As a result, the singularities correspond to the strictly semistable bundles. If a Higgs bundle (V,Φ) is
strictly semistable, then there exists a Φ-invariant line bundle L of degree 0. Call φ the restriction of
Φ to H0(EndL⊗KC) ∼= H
0(KC). Then the singularities of RDol are of the following form:
• Ω0R := {(V,Φ, β) | (V,Φ) = (L, 0)⊕ (L, 0) with L
∼= L−1}
• Ω′R := {(V,Φ, β) | (V,Φ) is a nontrivial extension of (L, 0) by itself}
• Σ0R := {(V,Φ, β) | (V,Φ) = (L, φ)⊕ (L
−1,−φ) with (L, φ) 6∼= (L−1,−φ)}
• Σ′R := {(V,Φ, β) | (V,Φ) is a nontrivial extension of (L, φ) by (L
−1,−φ)}
Since Ω′R and Σ
′
R are not polystable their orbits disappear when we quotient by the action of SL(2,C),
thus we can avoid considering them. We call ΩR and ΣR the closures of respectively Ω
0
R and Σ
0
R in
RDol. By proposition (3.2), the singularities of MDol are the strictly semistable Higgs bundles
• Ω0 := {(V,Φ) | (V,Φ) = (L, 0) ⊕ (L, 0) with L ∼= L−1}
• Σ0 := {(V,Φ) | (V,Φ) = (L, φ)⊕ (L−1,−φ) with (L, φ) 6∼= (L−1,−φ)}.
As before, we call Ω and Σ their closures in MDol. The loci Ω
0 and Σ0 are the quotient of Ω0R and
Σ0R with respect to the action of SL(2,C) modulo their stabilizers. The points in Ω
0 have SL(2,C)
as stabilizer, so both ΩR and Ω consists of 2
2g points corresponding to the roots of the trivial bundle
OC . Observe that Σ0 ∼=
[
(Pic0(C)×H0(KC)) \ (2
2g points )
]
/Z2 where Z2 acts as the involution
(L, φ) 7→ (L−1,−φ). Then Σ0R is a PSL(2,C) bundle over Σ
0.
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3.1. Strategy of the desingularization. Our strategy will be first to desingularize RDol and then
quotient by the action of SL(2,C).
1) we first blow up RDol along the deepest singular locus ΩR, set PDol := BlΩRRDol and call ΣP the
strict transform of the bigger singular locus;
2) we blow up again and set Sdol := BlΣPPDol;
3) If g = 2, MˆDol := SDol//SL(2,C) is smooth; if g ≥ 3 it has at worst orbifold singularities and
blowing up SDol along the locus of points whose stabilizer is larger than the centre Z2 of SL(2,C),
we obtain TDol such that
MˆDol := TDol//SL(2,C)
is a smooth variety obtained by blowing upMDol first along the points (L, 0)⊕(L, 0), secondly after
the proper transform of orbit points of (L, φ)⊕ (L−1,−φ) and third along a nonsingular subvariety
lying in the proper transform of the exceptional divisor of the first blow-up.
4. Singularities of MDol and their normal cones
The rest of the chapter is devoted to the construction of the desingularization. The description of
the singularities and the strategy for the desingularization are closely analogous to those in [KY] and
[OG]. The first thing to do is to describe the singular loci and their normal cones.
Let us give some preliminary results.
4.1. Normal cones and deformation of sheaves. If W is a subscheme of a scheme Z, we denote
by CWZ the normal cone toW in Z. The exceptional divisor of a blow up of Z along W is well known
to be equal to Proj(CWZ), therefore we will have to determine the normal cones to our singular loci
CΩRRDol and CΣRRDol. The following theorem, known as Luna’s e´tale slice theorem allows to see this
problem in terms of deformation theory of sheaves. Thus we take a brief excursus on normal cones
and their relations with deformation theory. For proofs and further details we refer to [OG].
Theorem 4.1. [Luna’s e´tale slice] Let Y be a quasi-projective scheme and G be a reductive group
acting linearly on it. Let y0 ∈ Y such that O(y0) is closed in Y
ss (this implies that also St(y0)
is reductive). Then there exists a slice normal to O(y0), i.e. an affine St(y0)-invariant subscheme
U →֒ Y ss containing y0 such that the following holds: the multiplication morphism
G×St(y0) U → Y
ss
is G-equivariant with respect to the left multiplication on the first factor, has open image and is e´tale
over its image. (Here St(y0) acts on G× V by h(g, y) := (gh
−1, hy)). Moreover, the quotient map
U//St(y0)→ Y
ss//G
has open image as well and is e´tale over its image. If Y ss is nonsingular at y0, then U is also
nonsingular at y0.
Now if W ⊂ Y ss is a locally closed G-invariant subset containing y0, we can describe the normal
cone CWZ in terms of the normal slice. More precisely, we have the following corollary.
Corollary 4.2. Let W :=W ∩ U . There exists a St(y0)-equivariant isomorphism
(CWY
ss)y0
∼= (CWU)y0
Now we go back to SL(2,C) acting RssDol. The following result identifies the normal slice with a
versal deformation space. We omit the proof as it is closely analogous to ([OG, Prop. 1.2.3]).
Proposition 4.3. Let v = (V,Φ, β) ∈ RssDol a split extension (that is v has a closed orbit with respect
to the action of SL(2,C)). Let U be a normal slice and (U, v) be the germ of U at v. Let V be the
restriction to C × (U , v) of the tautological quotient sheaf on C × RDol. The couple ((U , v),V) is a
versal deformation space of (V,Φ, β).
We also have some constraint on the dimension of the normal slice.
Proposition 4.4. Keep the notation as above. Let v ∈ RssDol be a point with a closed orbit, and let
U ∋ v be a slice normal to the orbit O(v). Then
dimv U ≥ dimExt
1(V, V )− Ext2(V, V )0
where Exti(V, V ) denotes extensions in the category of Higgs bundles and Ext2(V, V )0 are traceless
extensions.
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The previous propositions permits to describe the normal cones to our singular loci as normal cones
of other loci in the versal deformation space of semistable bundles. Let us provide tools which will
turn out to be useful later.
4.1.1. Hessian cone. Let Y be a scheme and B ⊂ Y a locally closed subscheme such that B is smooth
and TbY ha constant dimension for every b ∈ B. Therefore it makes sense to talk about a normal
vector bundle NBY . Let I be the ideal sheaf of B in Y : we have a graded surjection
∞⊕
d=0
Symd(I/I2)→
∞⊕
d=0
Id/Id+1
that yields to an embedding i : CBY →֒ NBY . We also observe that, as the map is an isomorphism
in degree 1, the homogeneous ideal I(i(CBY )) contains just terms of degree ≥ 2.
We define the Hessian cone to B in Y to be the subscheme of NBY whose corresponding homogeneous
ideal is generated by the quadratic terms in I(i(CBY )). Therefore we have a chain of cones
CBY ⊂ HBY ⊂ NBY.
Notice that for every b ∈ B
(3) P(HbY ) is the cone over P(HBY )b with vertex P(TbB). (see [RU])
Let Im := Spec(C[t]/(t
m+1)). We have that the tangent vectors to Y at b are identified with pointed
maps I1 → (Y, b).
As a result the reduced part of the hessian cone is
(HbY )red := {f1 : I1 → (Y, b) | there exists f2 : I2 → (Y, b) extending f1}.
Let now E to be a coherent sheaf a quasi-projective scheme Y and let (Def(E , 0)) be a parameter
space for a versal deformation of E . It is well known by classical deformation theory, that tangent
space T0Def(E) is isomorphic Ext
1(E , E).
We now try to describe the Hessian cone in terms of extensions: consider the Yoneda cup product
Ext1(E , E) × Ext1(E , E) → Ext2(E , E) that maps a couple (e, f) in e ∪ f . The Hessian cone is given
by [OG, 1.3.5]
(4) H0(Def(E))red ∼= Υ
−1
E (0)red
where ΥE : Ext
1(E , E)→ Ext2(E , E) is the cup product of the extension class with itself. We call this
map the Yoneda square.
4.2. Local structure of singularities. In the following section we describe the local structure of the
singularities and use the isomorphism in equation (4) to compute the normal cones along the singular
loci.
Let Ai denote the sheaf of C∞ i−forms on C. For a polystable Higgs pair (V, φ) consider the complex
0 // End0(V )⊗A
0 // End0(V )⊗A
1 // End0(V )⊗A
2 // 0 (1)
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with differential D′′ = ∂¯+[φ,−]. Splitting in (p, q) forms, we have that the cohomology of this complex
is equal to the hypercohomology of the double complex
0

0

0

0 // 0 //

End0(V )⊗A
1,0 ∂¯ //

End0(V )⊗A
1,1 //
=

0
0 // End0(V )⊗A
0 D
′′
//
=

End0(V )⊗A
1 D
′′
//

End0(V )⊗A
2 //

0
0 // End0(V )⊗A
0,0 ∂¯ //

End0(V )⊗A
0,1 //

0 //

0
0 0 0
This means that the cohomology groups T i of (1) fit the long exact sequence (2)
0 // T 0 // H0(End0(V ))
[Φ,−] // H0(End0(V )⊗KC) //
T 1 // H1(End0(V ))
[Φ,−]
// H1(End0(V )⊗KC) // T
2 // 0
Remark 3. Observe also that, by deformation theory for Higgs bundles, the T i’s parametrize the
traceless extensions of Higgs bundles i.e. T i = Exti0(V, V ) in the category of Higgs sheaves. Moreover
T 1 is precisely the Zariski tangent space to MDol.
Thanks to sequence (2) we can now find the singularities of bothMDol and RDol. By [Sim, Lemma
10.7] one has that the dimension of the Zariski tangent space in a point v = (V,Φ, β) is equal to
dimTvRDol = dimT
1 + 3− dimT0.
By Riemann-Roch theorem and (2) we have that
dimT 1 = χ(End0(V )⊗KC)− χ(End0(V )) = 6g − 6 + 2dimT
0.
As a result, we have a singular point (V,Φ, β) in RDol if and only if dimT
0 > 0, that is there exists a
section of H0(End0(V )) that commutes with the Higgs field.
If (V,Φ) is stable, no such section exists thus the singularities of RDol must be the strictly semistable
orbits. Of course, as the condition does not depend from β, the same holds for the singularities of
MDol.
We can sum up the above remarks in the following proposition:
Proposition 4.5. (i) The singularities of RDol are:
• Ω0R := {(V,Φ, β) | (V,Φ) = (L, 0) ⊕ (L, 0) with L
∼= L−1}
• Ω′R := {(V,Φ, β) | (V,Φ) is a nontrivial extension of (L, 0) by itself}
• Σ0R := {(V,Φ, β) | (V,Φ) = (L, φ) ⊕ (L
−1,−φ) with (L, φ) 6∼= (L−1,−φ)}
• Σ′R := {(V,Φ, β) | (V,Φ) is a nontrivial extension of (L, φ) by (L
−1,−φ)}
(ii) The singularities of MDol are:
• Ω0 := {(V,Φ) | (V,Φ) = (L, 0)⊕ (L, 0) with L ∼= L−1}
• Σ0: = {(V,Φ) | (V,Φ) = (L, φ) ⊕ (L
−1,−φ) with (L, φ) 6∼= (L−1,−φ)}
Remark 4. Let us remark that the singularities of RDol and MDol have a different origin. In fact,
since the action of GL(p) on Q˜ is free, the singularities of RDol are those of Q˜, whereas the singularities
of MDol are coming form the singularities of RDol and the strictly semistable orbits for the action of
SL(2,C).
Now that we know the singularities of RDol, our aim is to describe their local structure, that is
their normal cones. The following theorem by Simpson, describe the normal cone of the singular loci
in terms of the extensions.
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Theorem 4.6. [Sim, Thm. 10.4] Consider SL(2,C) acting on RDol and suppose (V, φ) is a point
in a closed orbit. Let C be the quadratic cone in T 1 defined by the map η 7→ [η, η] (where [, ] is
the graded commutator) and h⊥ be the perpendicular space to the image of T 0 in sl(2) under the
morphism H0(End0(V )) → sl(2) . Then the formal completion (RDol, (V, φ))ˆ is isomorphic to the
formal completion (C × h⊥, 0)ˆ.
Moreover this theorem hold also at the level of MDol.
Proposition 4.7. [Sim, Prop. 10.5] Let v = (V,Φ) be a point MDol and let C be the quadratic cone
of (V,Φ, β) in the previous theorem. Then the formal completion of MDol at v is isomorphic to the
formal completion of the good quotient C/H of the cone by the stabilizer of (V,Φ, β).
Remark 5. We have seen in the introduction that there exists a real analytic isomorphism
MDol ∼=MB = {ρ : π1(C, c0)→ SL(2,C)}//SL(2,C) .
This moduli space is constructed in the same way asMDol, starting from a spaceRB ∼= Hom(π1(C, c0), SL(2,C))
which is still real analytic isomorphic to RDol. The description of the singularities in theorem (4.6) is
analogous to the one by Goldman and Millson in [GoM] for RB. They show that the singularities at
a point in RB are quadratic, that is the analytic germ of a point ρ ∈ RB is equivalent to the germ of
a quadratic cone at 0 in defined by a bilinear map on the tangent space TρRB.
Simpson’s isosingularity priciple [Sim, Thm. 10.6] tells us that the formal completion of point in RDol
and a formal completion to the corresponding point RB are isomorphic, thus the singularities of RDol
are quadratic as well.
Let us describe the spaces T i and the graded commutator more explicitly: we consider our Higgs
bundle (V,Φ) as an extension
0→ (L1, φ1)→ (V,Φ)→ (L2, φ2)→ 0.
The deformation theory of the above Higgs bundle is controlled by the hypercohomology of the complex
C• : L−12 L1
ψ
−→ L−12 L1 ⊗KC
f 7−→ φ1f − fφ2
and we have a long exact sequence
0 // Ext0H(L1, L2)
// H0(L−12 L1)
ψ // H0(L−12 L1 ⊗KC)
//
Ext1H(L1, L2)
// H1(L−12 L1)
ψ // H1(L−12 L1 ⊗KC)
// Ext2H(L1, L2)
// 0
where ExtiH(L1, L2) := H
i(C•) are the extensions of (L2, φ2) with (L1, φ1) as Higgs sheaves.
Observe that
(5) T i =
⊕
i,j
ExtiH(Li, Lj)
As we are considering bundles with trivial determinant and traceless endomorphisms L2 will be the
dual of L1 =: L, φ2 = −φ1 =: −φ, and we will not consider Ext
i
H(L
−1, L−1) because they are just the
opposites of elements in ExtiH(L,L).
4.2.1. Yoneda Product. We want to consider the Yoneda product
Y on : Ext1H(V, V )× Ext
1
H(V, V ) → Ext
2
H(V, V )
(α, β) 7→ α ∪ β
and the associated Yoneda square
Υ : Ext1H(V, V )→ Ext
2
H(V, V ), α 7→ α ∪ α.
Remark 6. If we think of elements in Ext1H(V, V ) locally as matrices of 1-forms in sl(2) we have that
such a product coincide with the graded commutator of Simpson’s theorem.
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If we use decomposition (5), we can write Yoneda square as
Υ : Ext1H(L,L)⊕ Ext
1
H(L
−1, L)⊕ Ext1H(L,L
−1) −→ Ext2H(L,L)
(a, b, c) 7−→ b ∪ c
Let
Υ : Ext1H(L
−1, L)⊕ Ext1H(L,L
−1) −→ Ext2H(L,L)
(a, b, c) 7−→ b ∪ c
be the map induced by Υ on Ext1H(V, V )/KerΥ.
We now have all the tools to describe the normal cones of elements in the singular loci of RDol. Their
fibres will be the exceptional divisors of the blow-ups we described at the beginning of this section.
We stress that, since the orbits of Γ0 and Λ0 are not closed they will disappear when performing the
GIT quotient by the action of SL(2,C), therefore we do not compute their normal cones.
5. Construction of the desingularization MˆDol
For ease of the reader we present a short summary of the results in this section.
1) We compute the normal cones of the singularities of RDol and prove that
Proposition. The locus Σ0R is smooth and its normal cone CΣRRDol is a locally trivial fibration
over Σ0R with fibre the affine cone over a smooth quadric in P
4g−5. More precisely we have that for
a point v = (V,Φ, β) in Σ0R there is a canonical isomorphism
(CΣRRDol)v
∼= {(b, c) ∈ Ext1H(L
−1, L)⊕ Ext1H(L,L
−1) | b ∪ c = 0}
Proposition. Ω0R is a smooth closed subset of RDol and its normal cone CΩRRDol is a locally
trivial fibration over ΩR with fibre the affine cone over a reduced irreducible complete intersection
of three quadrics in P6g−1. That is if v = (V, φ, β) ∈ ΩR with (V,Φ) = (L, 0)⊕ (L, 0) then
(CΩRDol)v ∼= {f : sl(2)→ Λ
1 | f∗ω = 0} =: Homω(sl(2),Λ1);
where Λ1 = Ext1H(L,L) and ω is the skew-symmetric bilinear form on Λ
1 induced by the Yoneda
product on T 1.
2) We blow up RDol in ΩR and set PDol := BlΩRDol
pˆi
−→ RDol. We call ΩP the exceptional divisor
and ΣP the strict transform of ΣR under the blow-up. We describe the semistable points in both
ΩP and ΣP and again we compute their normal cones in PDol. More precisely we will show:
Proposition. Let [f ] be an element of Homω(sl(2),Λ1). Then [f ] is semistable with respect to the
action of SL(2,C) if and only if
rkf
{
≥ 2 or
= 1 and kerf⊥ is non isotropic ,
where orthogonality and isotropy are with respect to the Killing form on sl(2).
The semistable points in the strict transform ΣP are described in the following proposition.
Proposition. Consider the locus ΣssP of semistable points in ΣP . One has:
(i) ΣssP is smooth and reduced;
(ii) the intersection ΣssP ∩ΩP is smooth and reduced and in particular one has that if v ∈ ΩR then
π−1P (v) ∩ Σ
ss
P = PHom
ss
1 (sl(2),Λ
1)
where Homss1 (sl(2),Λ
1) is the set of f ∈ Homω(sl(2),Λ1) which are semistable of rank ≤ 1
and has dimension 2g;
(iii) ΣssP \ ΩP = π
−1
P (Σ
0
R);
(iv) the normal cone of ΣssP in PDol is a locally trivial bundle over Σ
ss
P with fibre the cone over a
smooth quadric in P4g−5.
THE E-POLYNOMIAL FOR THE INTERSECTION COHOMOLOGY OF THE MODULI SPACE OF HIGGS BUNDLES11
3) Set πS : SDol → PDol to be the blow-up of PDol along ΣP . Put ΩS the strict transform of ΩP and
ΣS the exceptional divisor. By the previous propositions one has that for any v ∈ ΩR
(πP ◦ πS)
−1 = BlPHom1PHom
ω(sl(2),Λ1)⇒
⋃
v∈ΩR
BlPHom1PHom
ω(sl(2),Λ1) ⊂ ΩS .
Call ∆S the closure of
⋃
v∈ΩR
BlPHom1PHom
ω(sl(2),Λ1) in ΩP . By dimension counting we show
that ∆S is equal to the divisor ΩS if and only if g = 2. We prove that:
Proposition. (a) ΩssS is smooth and all its points are stable;
(b) ΣssS is smooth and all its points are stable;
(c) SssDol is smooth and all its points are stable;
(d) ∆S is smooth.
4) We blow up SDol along ∆S and call the space so obtained TDol. We call MˆDol := TDol//SL(2,C)
and we prove the following.
Proposition. MˆDol
pˆi
−→MDol is a desingularization of MDol.
5.1. Normal cones of the singularities in RDol.
In this section we compute the normal cones of the singular loci of RDol.
5.1.1. Cones of elements in Σ0R. Consider
Σ0R := {(V,Φ, β) | (V,Φ) = (L, φ)⊕ (L
−1,−φ) with (L, φ) 6∼= (L−1,−φ)}.
We want to prove the following result.
Proposition 5.1. Let Σ0R be the set above. Then Σ
0
R is nonsingular and the cone CΣRRDol of
Simpson’s theorem is a locally trivial fibration over Σ0R with fiber the affine cone over a nonsingular
quadric in P4g−5. More precisely, for a point v = (V,Φ, β) in Σ0R there is a canonical isomorphism
(CΣRRDol)v
∼= {(b, c) ∈ Ext1H(L
−1, L)⊕ Ext1H(L,L
−1) | b ∪ c = 0}
Moreover the action of the stabilizer C∗ of (V,Φ) on CΣRRDol is given by
λ.(b, c) = (λ−2b, λ2c)
The proof will proceed in several steps and lemmas. If want to use the strategy suggested by
Simpson in theorem (4.6), we need to find the vector spaces T i and find the quadratic cone in T 1
defined by the zero locus of the Yoneda square.
Lemma 5.2. Let (V,Φ, β) be an element of Σ0R. Then the spaces T
i = Exti0(V, V ) are
T 0 = Ext0H(L,L)
∼= C
T 1 = Ext1H(L,L)⊕ Ext
1
H(L
−1, L)⊕ Ext1H(L,L
−1) ∼= C6g−4
T 2 = Ext2H(L,L)
∼= C
Proof. Let us compute the ExtiH(Li, Lj) using (2). First we compute Ext
i
H(L,L).
We have
0 // Ext0H(L,L)
// H0(O)
ψ // H0(KC) //
Ext1H(L,L)
// H1(O)
ψ // H1(KC) // Ext
2
H(L,L)
// 0
where the map ψ sends an element f ∈ H0(O) in fφ − φf . As φ is C∞-linear, every f ∈ H0(O)
commutes with the Higgs field φ we have that Ext0H(L,L)
∼= H0(O) ∼= C. Moreover Ext0H(L,L)
∼=
Ext2H(L,L) by Serre duality
1 and we have Ext1H(L,L)
∼= H0(KC)⊕H
1(O). Thus
Ext0H(L,L)
∼= C Ext1H(L,L)
∼= C2g Ext0H(L,L)
∼= C
1we mean Serre duality for Higgs bundles
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Now we compute Exti(L,L−1).
We have
0 // Ext0H(L,L
−1) // H0(L2)
ψ // H0(L2 ⊗KC) //
Ext1H(L,L)
// H1(L2)
ψ // H1(L2 ⊗KC) // Ext
2
H(L,L
−1) // 0
We have to be careful in doing this computation. In fact even though (L, φ) and (L−1,−φ) are not
isomorphic as Higgs bundles, L and L−1 might be isomorphic as vector bundles. However we can
see this does not change the nature of our description of the normal cone. Suppose first L 6∼= L−1:
then L2 is a nontrivial degree 0 line bundle thus it has no global sections and we can conclude that
Ext0H(L,L
−1) = Ext2H(L,L
−1) = 0. Also, Ext1H(L,L
−1) ∼= H0(L2 ⊗ KC) ⊕ H
1(L2) ∼= C2g−2; if
L ∼= L−1 we have that H0(L2) ∼= H0(O) ∼= C , the map ψ sends f to φf + fφ. Since there are no
nonzero elements in H0(O) that commute with the Higgs fields, then Ext0(L,L−1) is still 0. By Serre
duality we can conclude that Ext2H(L,L
−1) is 0 too and the alternate sum of the dimensions of vector
spaces in the sequence tells us that Ext1H(L,L
−1) ∼= C2g−2 in both cases. To sum up we have that
Ext0H(L,L
−1) = Ext2H(L,L
−1) = 0 Ext1H(L,L
−1) ∼= C2g−2.
The factors ExtiH(L
−1, L) are isomorphic to Ext0H(L,L
−1) as we have the involution L 7→ L−1.
Summing up we have
T 0 = Ext0H(L,L)
∼= Ext0H(L
−1, L−1) = C
T 1 = Ext1H(L,L)⊕ Ext
1
H(L
−1, L)⊕ Ext1H(L,L
−1) ∼= C6g−4
T 2 = Ext2H(L,L)
∼= Ext2H(L
−1, L−1) ∼= C

Now we need to describe the Yoneda square.
Proposition 5.3. P(Υ
−1
(0)) is a nonsingular quadric hypersurface in P4g−5. In particular, as g ≥ 2,
P(Υ−1(0)) is a reduced irreducible quadric.
Proof. By Serre duality, the Yoneda product
Ext1H(L,L
−1) × Ext1H(L
−1, L) −→ Ext2H(L,L)
∼= C
b c 7→ b ∪ c
is a perfect pairing. Hence
P(Ψ
−1
(0)) ⊂ P(Ext1H(L,L
−1)× Ext1H(L
−1, L)) = CP4g−5
is a nonsingular quadric hypersurface. 
In order to prove proposition (5.1) we show that (CΣRRDol)v
∼= Υ
−1
(0) and that Σ0R is smooth.
Let U be a slice normal to the closed SL(2,C) orbit of v: by proposition (4.4), there is a natural
isomorphism between Def(U , v) ∼= Def(V,Φ, β). In particular we have an embedding
CvU ⊆ Ext
1
H(V, V ).
Proposition 5.4. There are natural isomorphism of schemes
CvU ∼= HvU ∼= Υ
−1(0).
Proof. By the equality (4) and proposition (5.3)
P(HvU)red ∼= P(Υ
−1(0)).
As P(Υ−1(0)) is a reduced irreducible quadric hypersurface and P(HvU) is cut out by quadrics
P(HvU) ∼= P(Υ
−1(0)).
Consider the inclusion
CvU ⊂ HvU = Υ
−1(0).
By what we said above, we have
dimCvU = dimU ≥ dimExt
1
H(V, V )− 1 = dimΥ
−1(0).
Since Υ−1(0) is irreducible and reduced, we have CvU = Υ
−1(0). 
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Lemma 5.5. Let W := U ∩ Σ0R. Then W is smooth at v and
TvW ∼= Ext
1
H(L,L).
Moreover, up to shrinking U , we can assume that
dimTvU = dimTv′U ∀v
′ ∈ U .
Proof. Using the identification (U , v) with Def(V,Φ, β), we call V a first order deformation of (V,Φ, β)
and e = (a, b, c) ∈ Ext1H(V, V ) its corresponding extension class. Then, by classical deformation theory,
we have that e is tangent to W if and only if the following two exact sequences of Higgs bundles
0→ L→ V → L−1 → 0
0→ L−1 → V → L→ 0
lift to V. By [OG2, Prop. 1.17] this condition is equivalent to
b = c = 0
that is e = (a, 0, 0) ∈ Ext1H(L,L). To prove smoothness, we observe that W parametrizes Higgs
bundles (L′, φ′)⊕ (L
′−1,−φ′), where (L′, φ′) near (L, φ), this implies that the dimension of W at v is
≥ 2g (L lies in Pic0(C)). On the other hand the right-hand of the equation has dimension 2g, henceW
is smooth at v. To prove the last statement it suffices to notice that (U , v) is a versal deformation. 
Now we are ready to start proving lemmas that will lead to the proof of proposition (5.1).
Lemma 5.6. Keep the notation as above. Then Σ0R is smooth.
Proof. Let v = (V,Φ, β) ∈ Σ0R and U be a slice normal to the SL(2,C)-orbit O(v) and W = U ∩ Σ
0
R.
By Luna’s e´tale slice theorem there exists a neighbourhood of v ∈ Σ0R isomorphic to a neighbourhood
of (1, v) in SL(2,C) ×St(v)W. As W is smooth at v, SL(2,C) ×St(v)W is smooth at the point (1, v)
and v is a smooth point of Σ0R. 
Proof of proposition (5.1). We have already proved that Σ0R is smooth in lemma (5.6). Now we just
need to prove that the fibre of the normal cone is isomorphic to Υ
−1
(0).
We have seen that
(CWU)v ∼= (CΣRRDol)v,
therefore we must give an isomorphism
(CWU)v ∼= Υ
−1
(0).
As W is smooth and TwU has constant dimension for every w ∈ W then the normal bundle NwW is
well defined and we have the usual inclusions of cones
(CWU)v ⊂ (HWU)v ⊂ (NWU)v .
By lemma (5.5), the fibre of the normal cone NWU is equal to Ext
1
H(L,L
−1)⊕Ext1(L−1, L). Now if
we rewrite in (3) using the identifications of cones of the normal slice then up to projectivize we have
HvU is the cone over (HWU)v with vertex TvW,
since TvW ∼= Ext
1
H(L,L) and HvU
∼= Υ−1(0) then (HWU)v ∼= Υ
−1
(0). Arguing as in the previous
proof we conclude that (CWU)v ∼= (HWU)v. 
Finally we describe the action of the stabilizer.
Let v = (V, φ, β) be a point with a closed orbit in ΣR and let U be a slice normal to the orbit O(v)
of v. As St(v) = Aut(V )/C∗ the action of the stabilizer on U defines an action of Aut(V ) on U as
well, thus for any g ∈ Aut(V ) we can define the differential
g∗ : TvU → TvU
of the corresponding to the action of g.
Lemma 5.7. Keeping the notation as above, let
e ∈ TvU ∼= T0Def(V ) ∼= Ext
1(V, V )
then the action of g∗ is given by g∗(e) = g ∪ e ∪ g
−1.
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Proof. Suppose V ′ and W ′ are the first order deformations that correspond to e and g∗e respectively.
Consider the tautological quotient on C ×RDol: the action of Aut(V ) restricts to C × U compatibly
with the action on U . Then there exists an isomorphism αg : W
′ → V ′ that fits the commutative
diagram
0 // tV // V ′ //
αg

V //
g

0
0 // tV
g−1
OO
// W ′ // V // 0
with whom it is possible to identify g∗(e) with the deformation given by g ∪ e ∪ g
−1. 
Now, if v is a point in Σ0 then Aut(V ) ∼= C
∗. Write V = L ⊕ L−1; consider g ∈ C∗ and e ∈
Ext1(V, V ) =
(
a b
c −a
)
with a ∈ Ext1(L,L), b ∈ Ext1(L−1, L), c ∈ Ext1(L,L−1). Then
g∗(e) =
(
g−1 0
0 g
)(
a b
c −a
)(
g 0
0 g−1
)
=
(
a g−2b
g2c −a
)
as stated in proposition (5.1).
5.1.2. Cone of elements in ΩR. Let v = (V,Φ, β) be an element in ΩR. Then we have
(V,Φ) = (L, 0) ⊕ (L, 0)
with L ∼= L−1. Then the bundle End0(V ) is holomorphically trivial and we have that H
0(End0(V )) ∼=
sl(2) and we can think a generic element of this space as(
a b
c −a
)
with a, b, c ∈ H0(O). We now want to compute the T i’s and the quadratic cone defined by the graded
commutator. In order to make the computation easier, we first notice that the second line of the long
exact sequence is the Serre dual of the first one. Now we observe that T 0 are the elements in sl(2)
which commute with the Higgs field, which is 0, therefore
T 0 ∼= T 2 ∼= sl(2)
and the first map and the last map of the sequence are isomorphisms. To compute T 1 consider the
central part of the sequence, which in this case is
0 // H0(End0(V )⊗KC) // T
1 // H1(End0(V )) // 0.
H0(End0(V ) ⊗ KC) = H
0(O⊕3 ⊗ KC) ∼= H
0(KC) ⊗ sl(2). Using Serre duality we have that
H1(End0(V )) ∼= H
1(O)⊗ sl(2), therefore we have that T 1 has dimension 6g and it is equal to
T 1 = (H0(KC)⊕H
1(O))⊗ sl(2) = Ext1H(L,L)⊗ sl(2)
Set
Λi = ExtiH(L,L)
and consider the composition of the Yoneda product on Λ1 with the isomorphism Λ2 ∼= C given by
the integration:
Λ1 × Λ1 → Λ2 ∼= C.
This defines a skew-symmetric form which is non-degenerate bilinear form ω which is non-degenerate
by Serre duality. Call
Homω(sl(2),Λ1) := {f : sl(2)→ Λ1 | f∗ω = 0}.
We have a natural action of the automorphism group SL(2,C) of (V,Φ) given by the composition with
the adjoint representation on sl(2).
Remark 7. Let us remark that Homω(sl(2),Λ1) is precisely the set of those f ∈ Hom(sl(2),Λ1)
whose image is an isotropic subspaces of Λ1 with respect to the symplectic form ω on it.
Proposition 5.8. Ω0R is a smooth closed subset of RDol and the normal cone is a locally trivial bundle
over Ω0R and there exist a SL(2,C)-equivariant isomorphism
(CΩRRDol)v
∼= Homω(sl(2),Λ1)
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Proof. As we noticed in the previous paragraph, there are natural isomorphisms
T 1 = Λ1 ⊗ sl(2) T 2 ∼= sl(2)
and the Yoneda product on T 1 is just the tensor product of the Yoneda product Υ on Λ1 times the
composition with bracket of sl(2). Hence if Υ : Λ1 ⊗ sl(2)→ sl(2) is the Yoneda square,
Υ(
∑
i
λi ⊗mi) =
∑
i,j
ω(λi, λj)[mi,mj]
Thanks to the self duality of sl(2) as an algebra and to the identifications
sl(2)⊗ Λ1 ∼= Hom(sl(2),Λ1) sl(2) ∼=
2∧
sl(2)
we have a map
Υ : Hom(sl(2),Λ1) →
∧2 sl(2)
f 7→ 2f∗ω
and Υ−1(0) = Homω(sl(2),Λ1).
To complete our proof we need to give an isomorphism for any v ∈ Ω0R
CvRDol ∼= Υ
−1(0).
First we prove that this locus is reduced and we proceed as in the case of Σ0R. More precisely we have
the following lemma:
Lemma 5.9. P(Υ−1(0)) a reduced irreducible complete intersection of three quadrics in P6g−1.
Proof. We first observe that the quadrics that intersects are precisely those given by the isotropy
conditions. In fact if f ∈ Homω(sl(2),Λ1) then Im(f) is an isotropic subspace of Λ1, therefore if
{a1, a2, a3} is basis of sl(2) then ω(f(ai), f(aj)) = 0 for all i, j = 1 . . . 3 which gives us the three
quadrics. Now we need to prove that their intersection is complete, irreducible and reduced. To do
that we determine the critical locus of Υ. Consider the polarization of the quadratic form Υ
Υ˜(
∑
i
mi ⊗ λi,
∑
j
nj ⊗ µj) :=
∑
i,j
ω(λi, µj)[mi, nj] :
then the differential of Υ in a point f =
∑
imi ⊗ λi is given by
dΥ(f) : sl(2)⊗ Λ1 → sl(2)∑
j nj ⊗ µj 7→
∑
i,j ω(λi, µj)[mi, nj ]
Using the above formula, one can easily see that the rank of dΥ(f) depends just on the rank of f . In
particular one has:
rk(dΥ(f)) =


3 if rkf ≥ 2
2 if rkf = 1
0 if f = 0
Let cr(Υ) be the critical set of Υ: it is given by the f ∈ Hom(sl(2),Λ1) whose rank is ≤ 1. Then, as
g ≥ 2,
dimP(cr(Υ)) = 2g + 1 < 6g − 4 = dimP(sl(2)⊗ Λ1)− 3
the critical set has positive codimension in Υ−1(0), therefore the intersection of the three quadrics
is reduced and complete. Now we need to prove that it is irreducible: from the above consideration
we see that the dimension of the projectivization of the singular locus of Υ−1(0) in Υ−1(0) is strictly
greater than 1; on the other hand the above formula for the rank of the differential show that for every
singular point p
dimTpPΥ
−1(0) = dimPΥ−1(0) + 1.
If PΥ−1(0) were reducible, as it is connected it should be the intersection of two irreducible components.
However the above equality shows that the intersection of those components should be the intersection
of two divisors in a smooth ambient space, hance it should have codimension 1 in PΥ−1(0), which
contradicts what we said above. 
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We are now ready to construct the isomorphism between Υ−1(0) and the fibre of the normal cone
CΩRRDol. We first observe that since ΩR consists of isolated points, then (CΩRRDol)v = CvRDol. Pro-
ceeding as in the case of Σ and using the previous lemma we have that P(HvRDol) = P(HvRDol)red =
P(Υ−1(0)). Now consider the inclusion
CvRDol ⊂ HvRDol = Υ
−1(0);
as
dimCvRDol = dimRDol = 6g − 3 = dimExt
1
H(V, V )− 3 = dimΥ
−1(0)
then CvRDol should be an irreducible component of Υ
−1(0), which is irreducible: thus CvRDol =
Υ−1(0). This completes the proof of proposition (5.8). 
5.2. The space PDol, its singularities and normal cones. Call πP : PDol → RDol the blow-up
of RDol along ΩR, and let ΩP be its exceptional divisor. We have seen that this is isomorphic to
Homω(sl(2),Λ1). As our aim is to compute the desingularization of the GIT quotient MDol of RDol
by the action of SL(2,C), we need to describe just the semistable points of Ωˆ because the other will
disappear when we do the quotient.
5.2.1. Semistable points in ΩP .
Proposition 5.10. Let [f ] be an element of PHomω(sl(2),Λ1). Then [f ] is semistable with respect
to the action of SL(2,C) if and only if
rkf
{
≥ 2 or
= 1 and kerf⊥ is non isotropic ,
where orthogonality and isotropy are with respect to the Killing form on sl(2).
Proof. We observe that the action of SL(2,C) on Λ1 is trivial, therefore we just consider the action
on Hom(sl(2),Λ1) ∼= sl(2) ⊗ Λ1 ∼= sl(2)2g with the adjoint representation applied simultaneously on
every factor. We see that the torus C∗ of SL(2,C) acts with weight 2 on E, -2 on F and 0 on H. If we
apply the Hilbert-Mumford criterion we see that a point is not semistable if and only if it is either of
type (E,E, . . . , E) or (F,F, . . . , F ) ∈ sl(2)2g. To give this condition in a way which is invariant under
conjugation, we ask precisely for the rank of f to be greater equal than 2 (which corresponds to the
cases in which two different matrices (E,F,H) are present in the vector) or to be of dimension 1 with
the orthogonal non isotropic (and this corresponds to the case (H,H, . . . ,H)). 
5.2.2. Semistable points of ΣP . Call ΣP the strict transform of ΣR under the blow-up. Again, we
want to describe the locus ΣssP of semistable points. We start by describing Σ
ss
P \ Ωˆ: by proposition
(3.2)
ΣssP \ΩP ⊆ π
−1
P (Σ
ss
R − ΩR) = π
−1
P (Σ
0
R
∐
Ω′R).
We want to prove the following result:
Proposition 5.11. Keep the notation as above. Then
ΣssP \ΩP = π
−1
P (Σ
0
R)
To prove the proposition, we need the following lemma [OG, Lem. 1.7.4].
Lemma 5.12. Let Y be a complex projective scheme and G be a reductive group acting linearly on it.
Suppose also that S be a closed G-invariant subscheme. Let p : Y˜ → Y be the blow up of Y alongS.
Let v˜ ∈ Y˜ be a point such that v := p(v˜) is such that
v 6∈ S, O(v) ∩ Sss 6= 0,
then v˜ is not semistable.
Proof of Proposition 5.12. Now consider w ∈ PDol such that πP (w) = v ∈ Ω
′
R. Then O(v) ∩ ΩR 6= ∅
hence by the above lemma w is not semistable. Hence π−1P (Ω
′
R) ∩ P
ss
Dol = ∅ and Σ
ss
P \ΩP ⊆ π
−1
P (Σ
0
R).
We want to show the reverse inclusion, that is that every point in π−1(Σ0R) is semistable. Consider
w ∈ π−1P (Σ
0
R) and let πP (w) = v. As O(v) is closed in R
ss
Dol and disjoint from the SL(2,C)-invariant
closed subset ΩR, there exists a SL(2,C)-invariant section σ ∈ H
0(ORDol(l)) such that σ(v) 6= 0 and σ
vanishes on ΩR. Viewing σ as an invariant section of π
∗
PORDol(l)(−ΩP ) we see that w is semistable. 
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Now consider the intersection ΣssP ∩ ΩP : again, by Kirwan’s theorem, we can see that it contained
in π−1P (ΩR) which consists of 2
2g copies of PHomω(sl(2),Λ1).
Lemma 5.13. Let v ∈ ΩR. Then
π−1P (v) ∩ Σ
ss
P = PHom
ss
1 (sl(2),Λ
1)
where Homss1 (sl(2),Λ
1) is the set of those f ∈ Homω(sl(2),Λ1) which are semistable and of rank ≤ 1
and has dimension 2g.
Proof. If w ∈ Σ0R then it has stabilizer C
∗. Thus dimSt(w˜) ≥ 1 for any v˜ ∈ ΣP . In particular if
[f ] ∈ π−1P (v) ∩ Σ
ss
P
the stabilizer St([f ]) has dimension strictly greater than 0. By the description given in the proof of
proposition (5.10), we have that the stabilizer has positive dimension if and only if rank f = 1 and
this tells us that π−1P (v) ∩ Σ
ss
P ⊂ PHom
ss
1 (sl(2),Λ
1).
Let’s prove the other inclusion. Assume [f ] ∈ PHomss1 (sl(2),Λ
1). The isomorphisms sl(2) ∼= sl(2)∗
allow to write
[f ] = m⊗ α m ∈ SL(2,C), α ∈ Λ1,Tr(m2) 6= 0.
As Tr(m2) 6= 0, m is diagonalizable and in basis of eigenvectors the map f can be written as
(6) f =
(
λ 0
0 −λ
)
λ ∈ Λ1,
Now we can deform the points in ΩR on a curve, that is we can find a sheaf L on a smooth curve Γ
such that for a given point 0 ∈ Γ
L0 ∼= L
−1
0 = (L, 0)
and Lp 6∼= L
−1
p for all p 6= 0. Consider the Kodaira-Spencer maps K and K
−1 of L and L−1 respectively,
then
K(∂/∂t) = λ K−1(∂/∂t) = −λ, ∂/∂t ∈ T0Γ.
Set V = L ⊕ L−1. If U is a slice normal to the orbit of v, then there exists a map ψ : Γ → U , 0 7→ v
such that G is precisely the pullback of the quotient sheaf on C×U . By (6), the differential the image
of ψ at 0 is spanned by f . Also, since ψ−1(ΩR) = {0}, there is a well defined lift ψ˜ : Γ → PDol such
that ψ˜(Γ) ⊂ ΣP . Thus [f ] = ψ˜(0) ∈ Σ
ss
P ∩ ΩP . 
The aim of this section is to prove the following proposition:
Proposition 5.14. Keeping notation as above,
(i) ΣssP is smooth;
(ii) The intersection ΣssP ∩ΩP is smooth and reduced;
(iii) The normal cone of ΣssP in PDol is a locally trivial bundle over Σ
ss
P , with fibre the cone over a
smooth quadric in P4g−5.
We omit the proof of the first two points in the proposition, as they are closely analogous to those in
[OG, Prop. 1.7.10], and describe the normal cone. We observe that outside ΩP , πP is an isomorphism
therefore the normal cone of ΣssP − ΩP is isomorphic to CΣRRDol, whose fibre is a smooth quadric in
P4g−5.
Now let w ∈ ΣssP ∩ΩP and set v := πP (w), then w will be of the form w = [f ], where f is an element
of PHomss1 (sl(2),Λ
1). Since ΩP and Σ
ss
P intersect transversely, then
(CΣPPDol)[f ]
∼= (CΣP∩ΩPΩP )[f ];
also, since ΩssP → ΩR is a locally trivial fibration over 2
2g distinct points then
(CΣP∩ΩPΩP )[f ]
∼= (CPHom1(sl(2),Λ1)PHom
ω(sl(2),Λ1))[f ]
If [f ] ∈ PHom1(sl(2),Λ
1), Imf is a one-dimensional isotropic subspace of Λ1 with respect to the
symplectic form ω defined in the previous section and it makes sense to consider the space Imf⊥ω/Imf.
We call ωf the symplectic form induced by ω on Imf
⊥ω/Imf, which is a space of dimension 2g − 2.
Lemma 5.15. Keep the notation as above. Then
(CPHom1(sl(2),Λ1)PHom
ω(sl(2),Λ1))[f ] ∼= Hom
ωf (Kerf, Imf⊥ω/Imf)
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Remark 8. Lemma (5.15) directly implies the proof of point (iii) in proposition (5.14): in fact
Hom(Kerf, Imf⊥ω/Imf) is a vector space of dimension 4g − 4 and since ωf is non-degenerate the
isotropy condition given by ωf on the images of basis of Kerf defines a cone over a smooth projective
quadric, which will live in P4g−5.
Proof of lemma 5.15. We first observe that
(CPHom1(sl(2),Λ1)PHom
ω(sl(2),Λ1))[f ] ∼= (CHom1(sl(2),Λ1)Hom
ω(sl(2),Λ1))[f ]
so that we can work on the right-hand side.
First we show that the hessian cone to Hom1(sl(2),Λ
1) in Homω(sl(2),Λ1) is defined and that it is
equal to the normal cone.
We observe that Hom1(sl(2),Λ
1) is smooth. Also, Homω(sl(2),Λ1) is the zero set of Υ and dΥ−1(0)
has constant rank along Hom1(sl(2),Λ
1) therefore the tangent space to Homω(sl(2),Λ1) has constant
rank along Hom1(sl(2),Λ
1).
Now we want to compute the hessian and normal cone: to do this we choose a basis {λ1, . . . , λ2g}
of Λ1 and {m1,m2,m3} of sl(2) such that f = λ1 ⊗m1 and such that the matrix associated to ω is
block diagonal with g blocks of order 2 of the form(
0 1
−1 0
)
.
Using the formula for the differential in the proof of lemma (5.9) and noticing that ω(λ1, λi) = 0
whenever i 6= 2, we get that
dΥ0(φ)(
∑
i,j
Zijλi ⊗mj) = Z22[m1,m2] + Z23[m1,m3],
hence
(THomω(sl(2),Λ1))φ =


∑
i,j
Zijλi ⊗mj | Z22 = Z23 = 0

 .
If we consider rank 1 applications, they have to be of the form
∑
i Zijλi ⊗mj for a fixed j = 1, 2, 3
and they annihilate the differential if and only if either j or i is equal to 1. As a result,
(THom1(sl(2),Λ
1))φ =


∑
i,j
Zijλi ⊗mj | Zij = 0 if i ≥ 2, j ≥ 2

 ;
and this induces an isomorphism
(7) (NHom1Hom
ω(sl(2),Λ1))φ ∼=


∑
i≥3,j≥2
Zijλi ⊗mj

 .
Considering the natural isomorphism of vector spaces
(NHom1Hom(sl(2),Λ
1))φ ∼= Hom(Kerφ,Λ
1/ Imφ)
given by writing the generators of the right-hand side in terms of tensor products, we can view the
normal bundle as the set of functions whose image is orthogonal to Imφ:
(NHom1Hom
ω(sl(2),Λ1))φ ∼= {α : Kerφ→ Λ
1/ Im φ | Imα ⊂ (Imφ⊥/ Imφ)}.
Viewing (NHom1Hom
ω(sl(2),Λ1))φ as a deformation space and compute the Yoneda square as in
equation (4) we get that the equation of the Hessian cone of Hom1(sl(2),Λ
1) in Homω(sl(2),Λ1)) is∑
2≤l≤g
(Z2l−1,2Z2l,3 − Z2l,2Z2l−1,3) = 0.
In particular the hypotheses of lemma (4.4) are satisfied, hence the normal cone is equal to the Hessian
cone and we are done. 
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5.2.3. Action of the stabilizers. We want to describe the action of the St(w) on (CΣPPDol)w at a point
w ∈ ΣssP .
First we notice that if w is outside ΩP , the action is the one described in proposition (4.4). In fact
ΣssP \ ΩP = π
−1
P (Σ
0
R) and on this set πP is an isomorphism. If instead w ∈ ΩP ∩ Σ
ss
P then by lemma
(5.12) we can write w = [f ] for an element [f ] ∈ Homss1 (sl(2),Λ
1). By the stability condition, Ker f
must be non isotropic. We choose bases {λ1, . . . , λ2g} of Λ
1 and {m1,m2,m3} of sl(2) as in the
previous subsection and we add the conditions
(m1,m2) = −δ1i
(mj ,mj) = 0 j = 2, 3
(m2,m3) = 1
such that m1 ∧m2 ∧m3 is the volume form (here we are exploiting again the isomorphism sl(2) ∼=∧2 sl(2)).
Consider an element θ ∈ SL(2,C): θ stabilizes [f ] if and only if it is an orthogonal transformation of
Ker f with respect to the Killing form. As a result, stabilizer St(f) is generated by the elements of
type 
 1 0 00 α 0
0 0 α−1



 −1 0 00 0 1
0 1 0

 .
The action on the normal cone CΣPPDol is given by multiplication of the above matrices with the mj
appearing in the expression of equation (7).
5.3. Semistable points of SDol and construction of the desingularization. Call πS : SDol →
PDol the blow-up of PDol along ΣP . Let ΩS ⊂ SDol be the strict transform of ΩP and ΣS ⊂ SDol be
the exceptional divisor (i.e. the inverse image ΣP ). Let v = (V,Φ, β) ∈ ΩR and set V = L ⊕ L. By
lemma (5.12) and the second item of proposition (5.13),
(πP ◦ πS)
−1(v) = BlPHom1PHom
ω(sl(2),Λ1)
thus ⋃
v∈ΩR
BlPHom1PHom
ω
2 (sl(2),Λ
1) ⊂ ΩS.
Call ∆S the closure of the left-hand side. Observe that SDol has dimension 6g−3 whileBlPHom1PHom
ω(sl(2),Λ1)
has dimension 4g, thus
codim(∆S ,SDol) = 2g − 3
As ΩS is a divisor in SDol then ∆S = ΩS if and only if g = 2.
Let now πT : TDol → SDol be the blow up of SDol along ∆S and denote by ΩT and ΣT the proper
transforms of respectively ΩS and ΣS. We define
MˆDol := TDol//SL(2,C) .
By proposition (3.2), there exists a map πˆ : MˆDol →MDol which is induced by the equivariant map
πP ◦ πS ◦ πT . Set
Ωˆ := ΩT//SL(2,C) Σˆ := ΣT //SL(2,C)
We now prove, following the method by [OG], that MˆDol is a desingularization of MDol. In the
next section, in the case of genus 2, we will construct a desingularization M˜Dol such that the map
π˜ : M˜Dol →MDol is semismall.
5.3.1. Analysis of ΩS. We have defined ΩS as the strict transform of ΩP under the map πS .
Proposition 5.16. The following holds:
(i) ΩssS is smooth,
(ii) ΩssS = Ω
s
S.
To do that we need some preliminary lemmas.
Lemma 5.17. Let v ∈ Ω. Then the fibre (πP ◦πS)
−1(v), which is equal to BlPHom1PHom
ω(sl(2),Λ1),
is nonsingular.
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Proof. By lemma (5.15) the exceptional divisor is a locally trivial fibration over PHomω(sl(2),Λ1) and
the fibre over a point [f ] is
Homωf (Kerf, Imf⊥ω/Imf),
that is a smooth quadric in P4g−5. As the base PHomω(sl(2),Λ1) is smooth, so is the exceptional
divisor. Hence the blow up is smooth along the exceptional divisor and by (5.3) we have that the
complement of the exceptional divisor is smooth. 
Lemma 5.18. All SL(2,C) semistable points of BlPHom1PHom
ω(sl(2),Λ1) are SL(2,C) stable. More
explicitly:
(i) Referring to the notation of (5.15), the semistable points which belong to the exceptional divisor
are given by{
([f ], [α]) | [f ] ∈ PHomss1 (sl(2),Λ
1), [α] ∈ PHomωf (ker f, Im f⊥/ Im f), α(m2) 6= 0 6= α(m3)
}
Moreover, for any pair ([f ], [α]) in the above set, the stabilizer
St([f ], [α]) ∼=
{
Z2 if rankα = 2
Z2 ⊕ Z2 if rankα = 1.
(ii) The semistable points which are outside the exceptional divisor are given by{
[f ] ∈ PHomss(sl(2),Λ1) | rank f = 3 or rank f = 2 and ker f non isotropic
}
For [f ] in this set, stabilizer St([f ]) is trivial if rank f = 3 and equal to Z2 if rank f = 2.
Proof. By (3.2) the semistable points of the exceptional divisor must lie in the inverse image of
PHomss1 (sl(2),Λ
1). If we apply the Hilbert-Mumford criterion as in proposition (5.10), we are asking
precisely for the images of E,F under the isomorphism of (5.10) not to vanish. Rephrasing this
condition in an equivariant way we get item (i).
Now we prove item (ii). If we apply again the numerical criterion, we can observe that all the points
of the set are stable and by proposition (3.2) they remain so after the blow-up. We show that if
rank f = 2 and Ker f is isotropic, then [f ] is not semistable. Choose m ∈ sl(2) such that m ∈ Ker f⊥
and m 6∈ Ker f . Then there exists a one parameter subgroup λ : C∗ → SL(2,C) such that
lim
t→0
λ(t).f = g
with rank g = 1 and Ker g⊥ = m. Thus [g] should be in PHomss1 (sl(2),Λ
1), which is the centre of the
blow-up. However lemma (5.12) tells us that in this case [f ] cannot be semistable because it does not
belong to centre of the blow-up but the closure of its orbit intersects the semistable points of it.

We are now ready to prove proposition (5.16).
Proof of proposition (5.16). By (3.2) we know that (πP ◦πS)(Ω
ss
S ) ⊂ ΩR. Let v ∈ ΩR, by lemma (5.17)
the fibre (πP ◦ πS)
−1(v) is smooth. As semistability is an open condition, we can conclude that ΩssS is
smooth as well. The second item, follows directly from lemma (5.18). 
5.3.2. Analysis of ΣssS .
Proposition 5.19. The following holds:
(i) ΣssS is nonsingular,
(ii) ΣssS = Σ
s
S.
Proof. By (3.2), we have that ΣssS ⊂ π
−1
S (Σ
ss
P ) = P(CΣssP PDol). Let w ∈ Σ
ss
P and let v = πP (w).
Then either v ∈ Σ0P or v ∈ Ω
0
P . In the latter case, the preimage has been described in the previous
proposition. In the former case, we have that ΣssS ∩(πP ◦πS)
−1(v) = P{(b, c) | b∪c = 0, b, c 6= 0}. Also,
all semistable points are stable and their stabilizer is Z2. Thus for every w ∈ Σ
ss
P , π
−1
S is a smooth
quadric in P4g−5. By item (i) of (5.16) ΣssP is smooth. Again, since stability is an open condition, we
conclude that ΣssS is smooth. The second item now follows from the previous claim. 
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5.3.3. Analysis of SssDol. By Kirwan’s propositions we have that
SssDol = Σ
ss
S ∪ Ω
ss
S ∪ (πS ◦ πP )
−1(RsDol ∪ Σ
′0
R ∪ Ω
′0
R)
However, by (5.11) there are no semistable points in (πS ◦ πP )
−1(Ω
′0
R) and if we apply lemma (5.12)
taking Y = PDol, Y˜ = SDol and V = ΣP , we get that for any w ∈ π
−1
P (Σ
′0
R) O(w) ∩ Σ
ss
P 6= 0, thus
there are no semistable points also in (πS ◦ πP )
−1(Σ
′0
R). Thus we conclude that
(8) SssDol = Σ
ss
S ∪ Ω
ss
S ∪ (πS ◦ πP )
−1(RsDol)
Proposition 5.20. We have:
(i) SssDol is nonsingular,
(ii) SssDol = S
s
Dol.
Proof. The first item follows from the fact that (πS ◦ πP )
−1(RsDol) lies in the stable locus by lemma
(3.2) , and we have just proved every point ΩssS and Σ
ss
S is indeed stable. To prove the second item we
observe that RsDol is smooth (this follows from the smoothness of the deformation space of any point
RsDol). As (πS ◦ πP ) is an isomorphism on the stable locus, then also (πS ◦ πP )
−1(RsDol) is smooth.
Now we conclude by noticing that both ΩsS and Σ
ss
S are nonsingular Cartier divisors, therefore S
s
Dol is
smooth along them. 
5.3.4. Analysis of ∆sS. We defined ∆S as the closure in SDol of the locus⋃
v∈ΩR
BlPHom1PHom
ω(sl(2),Λ1).
Proposition 5.21. Keep the notation as above. Then ∆S is nonsingular.
We want to see that ∆sS is nonsingular. As stability is an open condition, it suffices to prove that
each one of the 22g fibres BlPHom1PHom
ω(sl(2),Λ1) is nonsingular.
We set
Grω(k,Λ1) := {[A] ∈ Gr(k,Λ1) | A is ω-isotropic }
P˜Homω2 (sl(2),Λ
1) := {([K], [A], [f ]) ∈ P(sl(2))×Gr(2,Λ1)× PHomω2 (sl(2),Λ
1) | K ⊂ Ker f, Im f ⊂ A},
and let g : P˜Homω2 (sl(2),Λ
1)→ PHomω2 (sl(2),Λ
1) the projection onto the third factor.
Lemma 5.22. There exists an SL(2,C) equivariant isomorphism
g˜ : P˜Homω2 (sl(2),Λ
1)→ BlPHom1PHom
ω
2 (sl(2),Λ
1)
such that the map g corresponds to the blow down map.
As the P˜Homω2 (sl(2),Λ
1) is nonsingular by lemma (5.17), then lemma (5.22) implies that also
BlPHom1PHom
ω
2 (sl(2),Λ
1) is, showing in this way that ∆sS is nonsingular.
Proof. By the Second Fundamental Theorem of Invariant Theory, the ideal IPHom1 of PHom1 is
generated by 2×2 minors. Thus g∗IPHom1 is locally generated by the ”determinant” of f¯ : sl(2)/K →
A, thus it is locally principal.
The existence of a map g˜ as in the statement of the lemma is granted by the universal property of
the blow up: we now want to prove that g˜ is an isomorphism.
We choose bases of sl(2) and Λ1 and realize the blow up as the closure in PHomω2 (sl(2),Λ
1) × P4g−3
of
{([f ], . . . , [mIJ(f)], . . .) | f ∈ Hom2(sl(2),Λ
1), rank f = 2,mIJ(f) = (I × J)-minor, | I |=| J |= 2}
A direct computation shows that map g˜ is given by
([K], [A], [f ]) 7→ ([f ], . . . , [pI(K)qJ(A)], . . .)
where PI(K) are the Plu¨cker coordinates of [K
⊥] ∈ Gr(2, sl(2)∗), and qJ(A) are Plu¨cker coordinates
of [A]. This proves g˜ is an isomorphism and it is equivariant by construction. 
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5.3.5. Smoothness of MˆDol.
Proposition 5.23. Let MˆDol = TDol//SL(2,C). Then πˆ : MˆDol → MDol is a desingularization of
MDol.
Proof. We are now ready to prove that πˆ : MˆDol →MDol is a desingularization.
By the first item of (5.20) the semistable points of SDol are actually stable, hence
T ssDol = π
−1
T (S
ss
Dol) = π
−1
T (S
s
Dol) = Bl∆sSS
s
Dol.
As both ∆sS and S
s
Dol are nonsingular, so is the blow up T
s
Dol. By (5.18), if v ∈ ΩR then
∆S∩ΣS∩(πP◦πS)
−1(v) = {([f ], [α]) ∈ PHom1(sl(2),Λ
1)× ∈ PHomωf (Ker f, Im f⊥/ Im f) | rankα = 1}
By (5.19) and (5.18), if z ∈ T sDol

{1} if z /∈ ΣsT ∪∆
s
T
Z2 if z ∈ (Σ
s
T ∪∆
s
T ) \ (Σ
s
T ∩∆
s
T )
Z2 ⊕ Z2 if z ∈ Σ
s
T ∩∆
s
T
Since ΣsT and ∆
s
T are divisors, then MˆDol is nonsingular. 
6. Construction of the semismall desingularization for g = 2
We now restrict ourselves to the case of genus 2. Starting from the desingularization MˆDol ofMDol,
we construct another desingularization M˜Dol, such that the map π˜ : M˜Dol →MDol is semismall. To
do that we first describe the divisor Ωˆ: its fibre over a point v ∈ Ω is isomorphic to the total space of
the projective bundle P(S2A) where A is the tautological C2 bundle over the symplectic Grassmannian
Grω(2,Λ1).
Thanks to Mori theory, we prove that if we do a contraction of MˆDol over the P
2-fibration P(S2A)→
Ωˆ→ Grω(2,Λ1), we end up with a semismall desingularization M˜Dol of MDol.
6.1. Description of Ωˆ. Let Grω(2,Λ1) be symplectic Grassmannian over any point v = (V, 0) ∈ Ω
and let A be the tautological C2 bundle over it. We will prove the following.
Proposition 6.1. Keeping the notation as above, then for any v ∈ Ω the fibre of the exceptional
divisor is isomorphic to the projective bundle P(S2A)
Ωˆv ∼= P(S
2A)
Given v ∈ Ω we define the classes ǫˆv and γˆv in the cone of effective curves NE1(Ωˆv) in the Neron-
Severi cone N1(Ωˆv)(see [Ko] for further details). We let ǫˆv be the class in N1(Ωˆv) of a line in the
fibre of P(S2A) → Grω(2,Λ1). To define γˆv we notice that proposition (6.1) gives the isomorphism
Ωˆv ∼= P(S
2A). Choose [H] ∈ P(Λ1) = P3 and [ql] ∈ P(S
2H) and let {[At] ∈ Gr
ω(2,Λ1)}t∈P1 be a line
through [H] i.e. for every t ∈ P1 there exists an inclusion it : H →֒ At and [At/H] ∈ P(H
⊥/H) varies
in a line. We observe that [it∗ql] is a local section of P(S
2A), therefore we can set
γˆv :=
[
([At], [i
t
∗ql])
]
N1(Ωˆv)
and we get an element of N1(Ωˆv) which is effective by definition.
Calling iv : Ωˆv →֒ MˆDol be the inclusion, we set
ǫˆ := i∗v ǫˆv
γˆ := i∗vγˆv
As the right-hand sides of the equalities do not depend on the point v ∈ Ω, ǫˆ and γˆ are well defined
as elements in NE1(MˆDol). We obtain the following result.
Proposition 6.2. Keep notation as above. Then:
(i) R+ǫˆ is a KMˆDol-negative extremal ray;
(ii) let M˜Dol be the variety obtained by contracting R
+ǫˆ. Then M˜Dol is a smooth quasi-projective
desingularization of MDol.
(iii) The contraction of R+ǫˆ is identified with the contraction of MˆDol along the fibration P(S
2A)→
Ωˆ→ Grω(2,Λ1).
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(iv) Call π˜ the map obtained by πˆ contracting its fibres over the points in Ω. Let Ω˜ := π˜−1(Ω)
and Σ˜ := π˜−1(Σ). The fibre of π˜ over a point in Ω is isomorphic to the nonsingular quadric
hypersurface Grω(2,Λ1) in P4.
(v) The fibre of π˜ over a point in Σ0 is isomorphic to P1.
By proposition (6.2) we can prove the main theorem of this section.
Theorem 6.3. Consider π˜ : M˜Dol →MDol. Then π˜ is semismall.
Proof. We recall that a proper map f : X → Y of algebraic varieties is semismall if and only if, put
Yk = {y ∈ Y | dim f
−1(y) = k}, then one has
(9) dimYk + k ≤ dimX − k.
First of all we notice that since π˜ is birational, then it is proper.
Set
MDol,k :=
{
v ∈ MDol | dim π˜
−1(v) = k
}
We stratify MDol as
MDol =M
s
Dol ⊔ Σ
0 ⊔ Ω,
where MsDol denotes the smooth locus of MDol.
Since C is a curve of genus 2, MDol is a quasi-projective variety of dimension 6. We have seen in
section 2.2 that the singular locus
Σ0 = {(V,Φ) | (V,Φ) = (L, φ) ⊕ (L−1,−φ), with (L, φ) 6∼= (L−1,−φ)}
is given by
[
(Pic0(C)×H0(KC)) \ (16 points )
]
/Z2. Pic
0(C) is a 2-dimensional torus, whileH0(KC) ∼=
C2 therefore Σ0 has dimension 4. The singular locus
Ω = {(V,Φ) | (V,Φ) = (L, 0)⊕ (L, 0) with L ∼= L−1}
parametrizing the fixed points of the involution (L, φ) 7→ (L−1,−φ) consists just of 16 points, corre-
sponding to the roots of the trivial bundle on C.
OnMsDol, π˜ is an isomorphism and every point has just one pre-image, thusM
s
Dol =MDol,0. Thus
it satisfies (9). Let now v ∈ Σ0. By proposition (6.2, (iv)), Σ˜ \ Ω = π˜−1(Σ0) is a P1-bundle over
Σ0. Then one has that Σ0 correspond the stratum MDol,1. Again it satisfies (9). Finally,by (6.2,
(iv)), the fibre over each one of the 16 points of Ω is isomorphic to Grω(2,Λ1), which is a nonsingular
hypersurface in P4. As a result it has dimension 3. This tells us that Ω is MDol,3 and that it satisfies
(9) as well. 
Remark 9. We observe that all the strata indeed satisfy the equality
MDol,k + k = dimM˜Dol − k,
that is they are relevant strata in the decomposition theorem for semismall maps (2.1).
We now prove proposition (6.1). We recall that for genus 2, TDol = SDol, hence MˆDol = SDol//SL(2,C).
We call q : SsDol → MˆDol the quotient map.
Proof of proposition 6.1. We have the isomorphism
P˜Homω2 (sl(2),Λ
1)//SL(2,C) ∼= BlPHom1PHom
ω
2 (sl(2),Λ
1)//SL(2,C) .
As SL(2,C) acts trivially on Grω(2,Λ1) we get a map
h : P˜Homω2 (sl(2),Λ
1)//SL(2,C)→ Grω(2,Λ1), ([K], [A], f) 7→ [A]
As we are considering the case rank f = 2 the semistable points of P˜Homω2 (sl(2),Λ
1) are in the
preimage of semistable points of ωS , therefore by (5.18) we have
P˜Homω2 (sl(2),Λ
1)ss = P˜Homω2 (sl(2),Λ
1)s = {([K], [A], f) | [K] is non isotropic},
hence the projection on the first factor P˜Homω2 (sl(2),Λ
1) → P(sl(2)) maps the stable locus to the
complement of the isotropic conic, i.e. P(sl(2))ss. The action of SL(2,C) by adjoint representation on
P(sl(2))ss is transitive, therefore
h−1([A]) = PHom(K⊥, A)//SO(K⊥)
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where [K] ∈ P(sl(2))ss is any chosen point. Now observe that the map PHom(K⊥, A)→ P(S2A), α 7→
α ◦t α is the quotient map for the SO(K⊥) action. As a consequence we have h−1(A) ∼= P(S2A) for
any A ∈ Grω(2,Λ1). 
To prove proposition (6.2) we will use Mori theory. Here we state and prove some technical lemmas.
Lemma 6.4.
NE1(Ωˆv) = R
+ǫˆv ⊕R
+γˆv
Proof. Consider the maps g : Ωˆv → Gr
ω(2,Λ1) ← Ωˆv, h : PHom
ω(sl(2),Λ1)//SL(2,C). One can
easily verify that they are the contractions of the rays R+ǫˆv and R
+γˆv respectively. Therefore they
are extremal rays. Now, since g is a P2-fibration on Grω(2,Λ1), which is a smooth quadric hypersurface
in P4, then N1(Ωˆv) has rank 2 and the lemma is proved. 
Now, take [A] ∈ Grω(2,Λ1). We want to prove that Ωˆ|P(S2A) ∼= OP(S2A)(−1).
Lemma 6.5.
q∗(Ωˆ) ∼ 2ΩsS
where with ∼ we denote numerical equivalence.
Proof. Since q−1Ωˆ = ΩsS , we just need to determine the multiplicity of q
∗Ωˆ at a generic point of ΩsS .
Let v ∈ ΩsS \ ΣS, by (5.18) the stabilizer St(v) is equal to Z2. Let now U ⊂ S
s
Dol be a slice normal to
= O(v). By (4.1), U//Z2 is isomorphic to a neighbourhood of q(v) in MˆDol. Since the fixed locus of
the action of Z2 is ΩS ∩ U , the claim is true on U . 
Lemma 6.6. Let [K] ∈ P(sl(2))ss. As K is non isotropic then there exists a straight line Θ in
PHomω(sl(2),Λ1). Then
ΩS ·Θ = −1
where · denotes the standard intersection form.
Proof. We have Ωs ∼ π
∗
SΩP and
ΩP |PHomω(sl(2),Λ1) ∼= OPHomω(sl(2),Λ1)(−1).
Since the restriction of πS to Θ is an isomorphism to a line in PHom
ω(sl(2),Λ1), then the intersection
form must be -1. 
Now we can prove that Ωˆ|P(S2A) ∼= OP(S2A)(−1). Suppose Ωˆ|P(S2A) ∼= OP(S2A)(a). By (6.4) q maps
the line Θ 1− 1 onto a conic Γ ⊂ P(S2A). Using the previous lemmas we get
2a = Ω · Γ = q∗Ω ·Θ = 2ΩS ·Θ = −2
from which we conclude that a = −1.
6.2. Analysis of Σˆ. Let v ∈ Σ0. As before, we call Σˆv := πˆ
−1(v). Hence Σˆv ⊂ (Σˆ \ Ωˆ).
Proposition 6.7. Keep the notation as above. Then there exists an isomorphism Σˆv ∼= P
1 and
Σˆ · Σˆv = −2.
Proof. By (5.1), we have that
Σˆv ∼= P{(b, c) ∈ Ext
1(L−1, L)⊕ Ext1(L,L−1) | b ∪ c = 0}//C∗
and the action of C∗ is the one described in (5.1). As we have already seen, this is a perfect pairing,
therefore one gets that Σˆv ∼= P
1.
Consider now the skew-symmetric isomorphism ψ : Ext1(L,L−1) → Ext1(L−1, L) given by the in-
volution and let Θ := {(b, c, ψ(c))} ⊂ P{(b, c) | b ∪ c = 0}s. Then q(Θ) ∼= Σˆv and the map is an
isomorphism. Thus
Σˆ · Σˆv = q
∗Σˆ ·Θ,
using the same methods as in the proof of lemma (6.5), we see that q∗Σˆ ∼ 2ΣsS . Moreover, as Θ is a
line in P{(b, c) | b ∪ c = 0}, then ΣS ·Θ = −1. Thus
Σˆ · Σˆv = q
∗Σˆ ·Θ = 2ΣsS ·Θ = −2.

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Let now kv : Σˆv →֒ MˆDol be the inclusion. We need to prove the following result.
Lemma 6.8. Keeping the notation as above,
kv∗NE1(Σˆ) = R
+γˆ.
Proof. As Σˆ · Σˆv = −2 then kv∗NE1(Σˆ) = R
+[Σˆv]. If we approach Ω from Σ, we see that [Σˆv] can
be represented by a 1-cycle Γ on Ωˆv ∩ Σˆ. The cycle Γ must be mapped to a single point by the map
induced by πS , thus it has to be a multiple of the cycle which defines γˆ. 
Finally, we are ready to prove the first item of proposition (6.2).
Proof of item (i) of (6.2). We start by proving the first item. Arguing as in the previous proofs we
see that KMˆDol ∼ 2Ωˆ. Given that Ωˆ|P(S2A)
∼= OP(S2A), we deduce that KMˆDol · ǫˆ = −2 i.e. R
+ǫˆ
is KMˆDol-negative. We show that ǫˆ and γˆ are linearly independent and that the image of the map
iv∗ : NE1(Ωˆ) → NE1(MˆDol) is injective with image R
+ǫˆ ⊕ R+γˆ. This comes from the fact that
Ωˆ · ǫˆ = i∗v[Ωˆ] · ǫˆ = −1, thus by (4.3) Ωˆ · γˆ = 0. As a consequence ǫˆ and γˆ define independent elements
in N1(MˆDol). Now, noticing that R
+ǫˆ ⊕ R+γˆ = NE1(Ωˆ), then the image of the inclusion must be
generated by them.
Given the previous observations, the prove that R+ǫˆ is extremal is a consequence of the following
lemma. 
Lemma 6.9. Keeping the notation as above, R+ǫˆ⊕R+γˆ is an extremal face of NE1(MˆDol).
Proof. Suppose to have a positive linear combination of irreducible curves on MˆDol
∑
α∈I tαΓα ⊂
R+ǫˆ ⊕ R+γˆ. We want to show that in this case any Γα lies in ⊂ R
+ǫˆ ⊕ R+γˆ. As πˆ∗ǫˆ = πˆ∗γˆ = 0, we
get πˆ∗Γα is zero, therefore πˆ(Γα) is a point. We can then partition the set I = IΩ
∐
IΣ such that if
α ∈ IΩ then Γα ⊂ Ωˆv for some v ∈ Ω; if α ∈ IΣ then Γα ⊂ Σˆw for some w ∈ Σ0. If α ∈ IΩ the first
item follows from R+ǫˆ⊕R+γˆ = NE1(Ωˆ); if α ∈ IΣ it follows from kv∗NE1(Σˆ) = R
+γˆ. 
Finally we prove the last three items of proposition (6.2) to conclude that M˜Dol is nonsingular. To
do that we use Mori theory.
We know we have a P2-fibration
(10) P2 → Ωˆ→ Grω(2,Λ1)
where the fibre over any point [A] is P(S2A). If we show that the contraction of the extremal ray R+ǫˆ
is identified with the contraction of MˆDol along this fibration, then by standard Mori theory we have
that M˜Dol is smooth.
Lemma 6.10. The contraction of R+ǫˆ is identified with the contraction of MˆDol along the fibration
(10).
Proof of (ii),(iii), (iv) in proposition (6.2) . Consider a line Θ in the fibre of (10): then [Θ] = ǫˆ. Hence
we must prove that if Γ ⊂ M˜Dol is an irreducible curve such that [Γ] ∈ R
+ǫˆ, then Γ belongs to a fibre
of (10). We have seen that Γ · Ωˆ < 0 , hence Γ ⊂ Ωˆ. Furthermore, since πˆ∗Γ = 0 there exists a point
v ∈ Ω such that Γ ⊂ Ωˆv. Then [Γ] ∈ R
+ǫˆv, i.e. Γ belongs to a fibre of (10).
We observe that the P2 fibres of Ωˆ that have been contracted are contained in the fibres of πˆ. From
the previous lemma we deduce straightforward that Ω˜v ∼= Gr
ω(2,Λ1) for every v ∈ Ω. Now let v ∈ Σ0.
If we again define Σˆv := πˆ
−1(v), then Σˆv is contained in (Σˆ \ Ωˆ). However we observe that outside of
Ωˆ nothing has changed, thus Σ˜v := π˜
−1(v) = Σˆv, which isomorphic to P
1 by lemma (6.7). 
We are now ready to prove that the map π˜ is semismall.
7. Intersection cohomology of MDol
In the previous section we constructed a semismall desingularization M˜Dol
p˜i
−→MDol of the moduli
space MDol of Higgs bundles of rank 2, degree 0 and trivial determinant over a curve of genus 2. We
have seen in the proof of theorem (6.3) that all the strata of the map π˜ : M˜Dol →MDol are relevant.
In particular we showed
MsDol =MDol,0 Σ
0 =MDol,1 Ω =MDol,3.
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We stratify M˜Dol as follows
MˆDol = π˜
−1MsDol ⊔ (Σ˜ \ Ω˜) ⊔ Ω˜.
By proposition (6.2)
1) π˜ is an isomorphism on the smooth locus of MDol;
2) Ω˜ := π˜−1(Ω) is the union of 16 copies of a nonsingular projective hypersurface Grω(2,Λ1) in P4;
3) the fibre of (Σ˜ \ Ω˜) = π−1(Σ0) over any point of Σ0 is isomorphic to P1.
Applying the decomposition theorem for semismall maps we get that,
(11) ICM˜Dol = ICMDol(LMDol)⊕ ICΣ(LΣ)⊕ ICΩ(LΩ)
We will use the above splitting to compute the intersection E-polynomial IE(MDol) of MDol.
Definition 7.1. The IE-polynomial of a variety X is defined as
IE(X)(u, v) =
2 dimX∑
h=0
(−1)k
∑
h,p,q
ihk,p,qc u
pvq
where ihk,p,qc = dimGr
p
FGr
W
p+qIH
k
c (X) and satisfies the following properties:
(i) if Z ⊂ X then IE(X) = IE(Z) + IE(X \ Z)
(ii) IE(X × Y ) = IE(X)IE(Y )
If we consider ordinary cohomology groups instead of intersection cohomology we just call the
polynomial obtained in this way the E-polynomial of X and we denote it by E(X).
Let’s go back to the splitting (11). Let us observe that we as the fibres of π˜ over both Ω and Σ0
are irreducible, then the monodromy of the local system is trivial. Moreover since Ω and Σ0 are
nonsingular we have
ICMDol(LMDol)|MsDol = Q[6] ICΣ(LΣ)|Σ0
∼= Q[4](−1) ICΩ(LΩ)|pt ∼= Q(−3)
where the shifts (−1) and (−3) correspond to the Hodge structures Q(−1) of respectively P1 and
Grω(2,Λ1).
Taking hypercohomology with compact support in (11), we obtain the intersection cohomology groups
and the splitting in the decomposition theorem becomes
H∗c (M˜Dol) = IH
∗
c (MDol)⊕H
∗−2
c (Σ, ICΣ(LΣ))⊕H
∗−6
c (Ω, ICΩ(LΩ))
The only contributions from the summands supported on Σ and Ω come from the highest coho-
mology groups of the fibres. Therefore, when we consider the cohomology with compact support to
find the IE-polynomial of MDol, we first sum the E-polynomials of each stratum and compute the
E-polynomial of M˜Dol. After that, we subtract the contribution coming from the top cohomology of
the fibres to get the IE-polynomial of MDol. We will have that
Theorem 7.1 (Main Theorem).
IE(MDol)(u, v) = u
6v6 + u5v5 + 15u4v4 + u5v3 + u3v5 + 15u3v3 + u2v4 + u4v2.
We observe that
(12) E(M˜Dol) = E(M
s
Dol) + E(Σ˜ \ Ω˜) + E(Ω˜)
thus in the following sections we compute the E-polynomial of each each summand.
8. Cohomology of MsDol
The aim of this section is to compute the cohomology with compact support of the smooth part
MsDol of the moduli space MDol, which parametrizes pairs (V,Φ) that are stable. We will show that
Theorem 8.1. Let MsDol be the locus of stable Higgs bundles. Then the E-polynomial of M
s
Dol is
E(MsDol) = u
6v6 + u5v5 + 16u4v4 + 11u3v3 − 17u2v2
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It is well known thatMsDol contains the locus N
S of stable vector bundles as open dense subset, but
there are several Higgs bundles whose underlying vector bundle is not stable. This is due to the fact
that not all vector subbundles of V are Higgs subbundles: for example on may consider the bundle
V = K−1C ⊕KC
where KC denotes the canonical bundle onX. This vector bundle is not stable because the subbundle
KC has slope greater than the slope of V ; however KC is not a Higgs subbundle because to be Φ
invariant Hom(KC ,K
−1
C )
∼= K−2C should have global sections, which is not not the case as it is of
negative degree.
To compute the E-polynomial of MsDol we will construct a suitable stratification, compute the E-
polynomial of the strata and sum them up. We will sistematically apply the following well known
result.
Proposition 8.2 (Addivity property of compact support cohomology). Let Y be a quasi-
projective variety. Let Z be a closed subset of Y and call U its complement. Then, given the inclusions
U 
 j // Y Z? _
ioo there is a long exact sequence in cohomology
. . . // H ic(U)
j! // H ic(Y )
i! // H ic(Z) // . . .
Therefore we will divide stable Higgs pairs in following three strata:
• pairs (V,Φ) with V stable vector bundle;
• pairs (V,Φ) with V strictly semistable vector bundle;
• pairs (V,Φ) with V unstable vector bundle.
8.1. The stable case. We want to parametrize all the stable Higgs bundles (V,Φ) where V is a
stable vector bundle. Calling S the locus of stable vector bundles, the stable Higgs pairs (V,Φ) are
parametrized by the cotangent bundle T ∗S. We will show the following:
Proposition 8.3. Keep the notation as above. The E−polynomial of the locus T ∗S of stable Higgs
pairs (V,Φ) with V stable vector bundles is
E(T ∗S)(u, v) = u6v6 − u3v5 − u5v3 − 3u4v4
Proof. Narasimhan and Ramanan [NR] proved that the locus of semistable vector bundles with trivial
determinant modulo S-equivalence (equivalently polystable vector bundles up to isomorphism) on a
nonsingular projective curve C of genus 2 is isomorphic to CP3. Considering polystable pairs, a vector
bundle V is strictly semistable if and only if is of the form
V = L⊕ L−1, L ∈ Pic0(C)
therefore strictly semistable vector bundles are parametrized by J := Pic0(C)/Z2 where Z2 is the
involution L 7→ L−1. This is a compact Kummer variety with 16 singular points, which are precisely
the fixed points of the involution, whose desingularization is a K3 surface obtained by blowing up J
in the singular points. The locus of stable bundles is precisely the complement of J inside P3: our
strategy will be to compute the compact support cohomology of this locus and using Poincare´ duality
to obtain the Betti numbers. First we need to compute the cohomology of J : observe that this is
given by the Z2 invariant part of the cohomology of Pic
0(C), which is a 2-torus. The Betti numbers
of Pic0(C) are
b0 = 1 b1 = 4 b2 = 6 b3 = 4 b4 = 1
and the action of Z2 on the cohomology sends every generator γ of H
1 in −γ. Therefore the even
cohomology groups are all Z2-invariant, while the odd ones are never; thus the Betti numbers of J
are
b0 = 1 b1 = 0 b2 = 6 b3 = 0 b4 = 1.
Alternatively, one can notice that the cohomology of J differs from the one of its desingularization
just in the H2 part, which has in addition the cohomology of the 16 exceptional divisors isomorphic
to P1, and the Betti numbers of a K3 surface are
b0 = 1 b1 = 0 b2 = 22 b3 = 0 b4 = 1.
Such a description is useful to compute the weights of the cohomology: we observe that the mixed
Hodge structure on the cohomology of a K3 surface is pure and so is the cohomology of J . In particular
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we have that H0(J ) has weights (0,0), H2(J ) splits in 4(1, 1)+ (2, 0)+ (0, 2), and H4(J ) has weights
(2, 2). Consider now the inclusions S 
 j // P3 J? _
ioo as both P3 and J are compact, we have the
long exact sequence:
. . . // Hkc (S)
j! // Hk(P3)
i! // Hk(J ) // . . .
which splits in the following sequences
0 // H0c (S) // C
i! // C // H1c (S) // 0 (1)
0 // H2c (S) // C
i! // C6 // H3c (S) // 0 (2)
0 // H4c (S) // C
i! // C // H5c (S) // 0 (3)
0 // H6c (S) // C // 0 ⇒ H
6
c (S)
∼= C (4)
First we consider (1): the map i! = i∗ is the restriction to a hyperplane sections, therefore it is an
isomorphism by Lefschetz hyperplane theorem, thus H0c (S) = H
1
c (S) = 0.
Next we have (2): i! is the restriction of the fundamental class of P1 inside P2 which remains nonzero
when we intersect it generically with J , thus i! is an injection and we haveH2c (S) = 0 andH
3
c (S) = C
5.
A similar argument shows that, in (3), i! is an isomorphism and that H4c (S) = H
5
c (S) = 0.
Using Poincare´ duality one has that the Betti numbers are
b0 = 1 b1 = 0 b2 = 0 b3 = 5 b4 = 0 b5 = 0 b6 = 0.
As T ∗S is a vector bundle over S, it inherits the cohomology of its base space, so the compact
support cohomology groups of S are
H9c (S) = 5 with weights (3, 5) + (5, 3) + 3(4, 4)
H12c (S) = 1 with weights (6, 6)
H ic(S) = 0 otherwise.
As a result, the E-polynomial of the stable part is given by
E(T ∗S)(u, v) = u6v6 − u3v5 − u5v3 − 3u4v4

8.2. Strictly semistable case. We want to consider the pairs (V,Φ), where V is a strictly semistable
vector bundle, and investigate when they become stable Higgs pairs. Again, we have to distinguish
different cases:
(i) V = L⊕ L−1 where L ∈ Pic0(C) and L 6∼= L−1;
(ii) V is a non trivial extension 0 // L // V // L−1 // 0 with L 6∼= L−1;
(iii) V = L⊕ L−1 where L ∈ Pic0(C) and L ∼= L−1;
(iv) V is a non trivial extension 0 // L // V // L−1 // 0 with L ∼= L−1;
8.2.1. Type (i). We call S1 the locus of stable Higgs bundles with underlying vector bundle of type
(i). We will show that
Proposition 8.4. The E-polynomial of the locus of stable Higgs bundles of type (i) is
E(S1)(u, v) = u
5v5 + u3v5 + u5v3 + 3u4v4 − 21u3v3 + 15u2v2
Proof. We have already seen that strictly semistable vector bundles are parametrized by J = Pic0(C)/Z2.
We call J0 locus in J fixed by the involution and we set J
0 := J − J0 to be its complement. The
locus of stable Higgs bundles with underlying vector bundle of type (i) will be a fibre bundle on J 0.
To compute the fibre we consider V = L⊕ L−1 with L ∈ Pic0(C) such that L 6∼= L−1. We have that
H0(End0(V )⊗KC) = H
0(KC)⊕H
0(L2K)⊕H0(L−2KC)
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thus a Higgs field Φ ∈ H0(End0(V )⊗KC) will be of the form
Φ =
(
a b
c −a
)
with a ∈ H0(KC), b ∈ H
0(L2K), c ∈ H0(L−2KC). A pair (V,Φ) is stable if and only if both L and L
−1
are not preserved by Φ, that is b, c 6= 0. Now we need to understand when two different Higgs fields give
rise to isomorphic Higgs bundles: since the automorphisms group of V is (C∗ ×C∗) ∩ SL(2,C) ∼= C∗,
two Higgs pairs (V,Φ1) and (V,Φ2) for Φ = (ai, bi, ci) are isomorphic if and only if
Φ1 =
(
t 0
0 t−1
)
φ2
(
t−1 0
0 t
)
that is a1 = a2, b1 = t
2b2, c1 = t
−2c2. Therefore, the stable Higgs pairs (V,Φ) with fixed underline
vector bundle V are parametrized by
H0(KC)×
(H0(L2K)− {0} ×H0(L−2KC)− {0})
C∗
∼= C2 × C∗
(this is an actual quotient as all the points are semistable with respect to the action of C∗). Letting
V vary, we obtain a C2 × C∗ bundle S1 over J
0 and we now compute the cohomology of its total
space. Contracting the fibre to S1 we can consider S1 as a sphere bundle over J
0 and use the Gysin
sequence to compute its cohomology. First, we need to find the cohomology of J 0: to do that we
proceed as before, computing compact support cohomology and applying Poincare´ duality. Consider
the two inclusions J 0 
 j // J J0?
_ioo and the long exact sequence in cohomology
. . . // Hkc (J
0)
j! // Hk(J )
i! // Hk(J0) // . . .
which splits in
0 // H0c (J
0) // C
i! // C16 // H1c (J
0) // 0 (1)
Hkc (J
0) ∼= Hkc (J ) ∀k ≥ 2 (2)
As J 0 is not compact, H0c (J
0) = 0 thus H1c (J
0) ∼= C15. By Poincare´ duality and we have
H0(J 0) ∼= C H1(J 0) = 0 H2(J 0) = C6 H3(J 0) = C15 H4(J 0) = 0
with the same weights as the cohomology of J .
Applying the Gysin sequence
. . .→ H i(S1)→ H
i−1(J 0)→ H i+1(J 0)→ . . .
this splits in the following sequences
(13) H0(S1) ∼= C H
3(S1) ∼= C
21 H4(S1) ∼= C
15
(14) 0→ H1(S1)→ C→ C
6 → H2(S1)→ 0
(15) H i(S1) = 0 ∀i ≥ 5
In (14) the map C → C6 is the product by the Euler class of a nontrivial bundle, which is nonzero,
therefore H1(S1) = 0 and H
2(S1) = C
5. Recalling that in this case both the cup product with the
Euler class and the pushforward increases weights of (1,1), we are able to compute weights of the
cohomology. Therefore, applying Poincare´ duality, the compact support cohomology groups of S1 are
H ic(S1) = 0 ∀i = 0, . . . 5 and i = 9
H6c (S1) = C
15 with weight (2, 2)
H7c (S1) = C
21 with weight (3, 3)
H8c (S1) = C
5 with weight 3(4, 4) + (3, 5) + (5, 3)
H10c (S1) = C with weight (5, 5).
As a result, the E-polynomial of S1 is
E(S1)(u, v) = u
5v5 + u3v5 + u5v3 + 3u4v4 − 21u3v3 + 15u2v2
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
8.2.2. Type (ii). Now we want to compute the cohomology of the locus of stable pairs (V,Φ) where V
is a nontrivial extension of L by L−1 with L 6∼= L−1.
Proposition 8.5. Let V be a semistable vector bundle of type (ii). Then there is no Higgs field Φ
such that the pair (V,Φ) is stable.
Proof. Consider the universal line bundle L → J 0 × C and let p : J 0 × C → J 0 be the projection
onto the first factor. It is well known that non trivial extensions of L by L−1 are parametrized by
P(R1p∗L
2): as R1p∗L
2 is a local system on J 0 of rank one, we conclude that there exists a unique
nontrivial extension up to isomorphism. Thus we can consider the universal extension bundle V, which
will be a bundle over J 0 × C by the remark above. Such a bundle fits in the short exact sequence
(16) 0→ L → V → L−1 → 0
and parametrizes all the vector bundles V on C of type (ii). Now we have to take the Higgs field
into account and ask for it not preserve the subbundle L, which is the one that makes V strictly
semistable. By an abuse notation, let us denote by KC the pullback of the canonical bundle on C
under the projection J 0 × C → C: if we tensor the sequence (16) by KC and apply the covariant
functor Hom(V,−) restricted to traceless endomorphisms we obtain
0→ Hom(V,L ⊗KC)→ End0(V)⊗KC → Hom(V,L
−1 ⊗KC)→ 0
If we pushforward to J 0 we obtain the long exact sequence
0→ p∗Hom(V,LKC)→ p∗End0(V)⊗KC → p∗L
−2KC →(17)
→ R1p∗Hom(V,LKC)→ R
1p∗End0(V)⊗KC → R
1p∗L
−2KC → 0(18)
We have that a Higgs pair (V,Φ) is stable if and only if the Higgs field Φ it lies in the complement
of the kernel of the map p∗End0(V) ⊗ KC → p∗L
−2, that are precisely those Φ for which L is not
invariant.
In order to prove the proposition, we show that the map p∗End0(V) ⊗KC → p∗L
−2 is 0. Starting
again from (16) and applying the contravariant functor p∗Hom(−,LKC), we end up with the long
exact sequence
0→ p∗LKC)→ p∗Hom(V,LKC)→ p∗KC →(19)
→ R1p∗LKC)→ R
1p∗Hom(V,LKC)→ R
1p∗KC → 0.(20)
Consider the fibre of (19) on a point L ∈ J 0. One has
H1(L2KC)→ H
1(V ∗LKC)→ H
1(KC)→ 0,
as H1(L2KC) = 0 we have that H
1(V ∗LKC) ∼= H
1(KC) ∼= C, thus R
1p∗Hom(V,LKC) is a local
system of rank 1 on J 0 × C. Now we can again consider (17) on the fibre over L ∈ J 0 and obtain
0 // H0(V ∗LKC) // H
0(End0(V )⊗KC) // H
0(L−2KC)
ext // H1(V ∗LKC) //
// H1(End0(V )⊗KC) // H
1(L−2KC) // 0
As we have seen, H1(V ∗LKC) ∼= H
1(KC) ∼= C and H
0(L−2KC) ∼= C: the map ”ext” is either 0 or
an isomorphism. However, as V is a nontrivial extension, such a map has to be nonzero, thus it is an
isomorphism. Therefore we have that the map
p∗End0(V)⊗KC → p∗L
−2KC
is zero.

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8.2.3. Type (iii). We now consider stable Higgs bundle with underlying vector bundle V = L ⊕ L−1
with L ∼= L−1 ∈ J0.
Proposition 8.6. Let S3 be the locus of stable Higgs bundles with underlying vector bundle V = O⊕O.
Then the locus of stable Higgs pairs of type (iii) is the union of 16 copies of S3 and its E-polynomial
is
E(16 · S3)(u, v) = 16u
3v3 − 16u2v2
Proof. Up to tensor by L ∈ J0 we may restrict to the case L = O, so that V is just the trivial bundle
O ⊕O. In this case H0(End0(V )⊗KC) ∼= H
0(KC)⊗ sl(2) ∼= C
2 ⊗ sl(2) and the Higgs field is of the
form
Φ =
(
a b
c −a
)
with a, b, c ∈ H0(KC)
The bundle is not stable if and only if Φ is conjugate to an upper triangular matrix of elements of
H0(KC). As the action of SL(2,C) on H
0(KC)⊗ sl(2) is trivial on H
0(KC) we can consider it as the
action of simultaneous conjugation on two matrices of sl(2). Thus we are looking for the couples of
matrices (A,B) ∈ sl(2) ⊕ sl(2) that are not simultaneously triangulable. This equivalent to say that
the matrices have no common eigenspace. By a result of Shemesh [She] we have that two matrices
A,B ∈ sl(2) if and only if Ker[A,B] 6= 0, that is det([A,B]) = 0. If we write
(21) A =
(
x1 x2
x3 −x1
)
B =
(
y1 y2
y3 −y1
)
we have that
[A,B] =
(
x2y3 − y2x3 2(x1y2 − x2y1)
2(x3y1 − x1y3) −(x2y3 − y2x3)
)
and we can interpret the locus of simultaneously triangulable matrices (A,B) ∈ sl(2) ⊕ sl(2) as the
locus
Q : (x2y3 − y2x3)
2 + 4(x1y2 − x2y1)(x3y1 − x1y3) = 0 in C
6 with coordinates (x1, x2, x3, y1, y2, y3).
Hence we have the following lemma
Lemma 8.7. A Higgs bundle (V,Φ) of type (iii) is stable if and only if Φ lies in
S3 := (C
6 −Q)//SL(2,C)
where the action of SL(2,C) is the simultaneous conjugation on the matrices A and B as in (21).
Corollary 8.8. The locus of stable Higgs bundles of type (iii) is isomorphic to 16 copies of S3, one
for each point of J0.
We start by looking at the quartic hypersurface Q in C6. If we set
α = x2y3 − y2x3
β = x1y2 − x2y1
γ = x3y1 − x1y3
then for every (x1, x2, x3, y1, y2, y3) ∈ Q, (α, β, γ) satisfy the equation
α2 + 4βγ = 0.
thus we have a map from our quartic Q to the cone C := {(α, β, γ) ∈ C3 | α2 + 4βγ = 0}
f : Q→ C, (x1, x2, x3, y1, y2, y3) 7→ (x2y3 − y2x3, x1y2 − x2y1, x3y1 − x1y3)
Now let us point out our strategy to compute the cohomology of (C6 −Q):
1) thanks to the map f , we decompose Q as a disjoint union of the close set Q0 = f
−1(0) and its open
complement Q−Q0 = f
−1(C − {0});
2) we compute the cohomology with compact support of both Q0 and Q−Q0 and use the additivity
property to compute the cohomology with compact support of Q;
3) again, as C6 = Q ⊔ (C6 − Q), we use the additivity property of the cohomology with compact
support to compute the cohomology of C6 −Q.
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To compute the cohomology with compact support of our pieces, we first observe that α, β, γ are,
up to multiplication, nothing but the minors of order 2 of the matrix
(22)

 x1 y1x2 y2
x3 y3

 .
Also,if we fix a point (α, β, γ) ∈ C we notice that both (x1, x2, x3) and (y1, y2, y3) are orthogonal to
(α, γ2 ,
β
2 ), thus they satisfy the equations
2αx1 + γx2 + βx3 = 0 2αy1 + γy2 + βy3 = 0
If (α, β, γ) 6= (0, 0, 0), let’s say β 6= 0, then have that
x3 =
−2αx1 − γx2
β
y3 =
−2αy1 − γy2
β
and when we substitute these values in (22) and compute the minors of order two we obtain three
equations all identical to
x1y2 − x2y1 =
β
2
.
Therefore we conclude that the fibre of the map f in a point of C − {0} is a quadric in C4, which
is isomorphic to SL(2,C). Also, C − {0} is homotopy equivalent to RP3, thus it has fundamental
group Z2 and the monodromy outside the origin is trivial as it equal to the one described in [?, 3.1].
As a result, we can compute the cohomology with compact support of Q −Q0 = f
−1(C − 0) via the
Ku¨nneth formula. We have:
H4c (Q−Q0) = C H
7
c (Q−Q0) = C
2 H10c (Q−Q0) = C H
i
c(Q−Q0) = 0 otherwise
Now, we need to compute the cohomology of Q0: first observe that if α, β, γ are all zero, one has
that the matrix (22) has rank ≤ 1 that is (y1, y2, y3) is a multiple of (x1, x2, x3). Thus points in Q0
are parametrized by (C3 − {0})×C ⊔ {0} ×C3. We observe that Q0 has dimension 4 and the former
is an open set in it, while the latter is closed. Therefore we can apply again the additivity property of
compact support cohomology to find H ic(Q0). Observe that
H3c ((C
3 − {0}) × C) ∼= C H8c ((C
3 − {0}) × C) ∼= C H ic((C
3 − {0}) × C) = 0 otherwise
H6c ({0} × C
3) ∼= C H ic({0}) × C
3) = 0 otherwise
,
hence
H3c (Q0)
∼= H6c (Q0)
∼= H8c (Q0)
∼= C, H ic(Q0) = 0 otherwise
Again we apply additivity of compact support cohomology to obtain the cohomology of Q:
. . .→ H i(Q−Q0)→ H
i(Q)→ H i(Q0)→ H
i+1(Q−Q0)→ . . .
Now, H ic(Q) = 0 for any i ≥ 5 since Q is affine and from the long exact sequence we conclude that
H7c (Q)
∼= H8c (Q)
∼= H10c (Q)
∼= C and H ic(Q) = 0 otherwise.
Finally, we compute the compact support cohomology of C6 −Q and from the additivity property
it is
H8c (C
6 −Q) ∼= H9c (C
6 −Q) ∼= H11c (C
6 −Q) ∼= H12c (C
6 −Q) ∼= C, H ic(C
6 −Q) = 0
Now we notice that SL(2,C) acts on C6 − Q with a stabilizer which is at worst Z2, therefore we
can compute the cohomology by considering C6 −Q as a fibre bundle with fibre SL(2,C) on S3
As SL(2,C) has the same homotopy type as S3 we can use the Gysin sequence
. . .→ H i(C6 −Q)→ H i−3(S3)→ H
i+1(S3)→ . . .
and we obtain
(23) H0(S3) ∼= H
1(S3) ∼= C, H
2(S3) = 0
(24) 0→ H3(S3)→ C→ C→ H
4(S3)→ C→ C→ H
5(S3)→ 0
(25) H6(S3) = 0, H
4(S3) ∼= H
8(S3) ∼= H
12(S3)
(26) H3(S3) ∼= H
7(S3) ∼= H
11(S3) H
5(S3) ∼= H
5(S3) H
6(S3) ∼= H
10(S3) = 0
Since S3 is nonsingular connected but not compact, H
12(S3) ∼= H
0
c (S3) = 0, thus H
4(S3) ∼= H
8(S3) =
0. Therefore from (24) we deduce that H3(S3) ∼= H
5(S3) = 0, H
7(S3) ∼= H
11(S3) = 0 and H
9(S3) = 0.
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Therefore the E-polynomial of S3 is given by
E(S3)(u, v) = u
3v3 − u2v2

8.2.4. Type (iv). We now consider stable Higgs bundles of type (iv) and we prove the following result.
Proposition 8.9. Let S4 be the locus of stable Higgs bundles whose underlying vector is a nontrivial
extension of O by itself. Then the locus of stable Higgs bundles of type (iv) is the union of 16 copies
of S4 and its E-polynomial is
E(16 · S4) = 16u
4v4 + 16u2v2
Proof. As before, we can assume L ∼= O. Let V be a nontrivial extensions of O by itself: the
isomorphism classes of such bundles are parametrized by
(27) P(Ext1(O,O)) ∼= P1.
Thus there exists a universal extension bundle on P1 × C
0→ O → V → O → 0.
Let p : P1 × C → CP1 be the projection : as in the type (ii) case we tensor the short exact sequence
above by KC , apply the covariant functor Hom(V,−) and pushforward to P
1 and we end up with the
long exact sequence (1)
0 // p∗Hom(V,KC) // p∗(End0(V)⊗KC) // p∗Hom(V,KC)
ext // R1p∗Hom(V,KC) //
// R1p∗(End0(V) ⊗KC) // R
1p∗Hom(V,KC) // 0
As before, stable Higgs bundles are precisely those with Higgs field in the complement of the kernel
of the map
p∗(End0(V)⊗KC)→ p∗Hom(V,KC).
or, equivalently, the complement of the image of p∗Hom(V,KC) in p∗(End0(V) ⊗ KC). First we
notice that p∗Hom(V,KC ) ∼= p∗KC , which is a vector bundle of rank 2 and similarly we have that
R1p∗Hom(V,KC) ∼= R
1p∗KC . As the extension is nontrivial, we have that the map ext is nonzero
and that its kernel has rank 1. Starting again from (27), we tensor with KC , apply the contravariant
functor Hom(−,O) restricted to traceless endomorphisms and pushforward to P1 we obtain another
long exact sequence (2)
0 // p∗KC // p∗Hom(V,KC) // p∗KC
ext // R1p∗KC // . . .
We observe that since R1p∗KC has rank 1 and the map ext is nonzero, the last map is surjective.
Hence, the cokernel of p∗Hom(V,KC)→ p∗KC has rank 1 and consequently p∗Hom(V,KC) has rank
3. Going back to the previous long exact sequence we conclude that p∗End0(V ) ⊗ KC is a vector
bundle of rank 4, thus the locus of stable pairs is fibrewise the complement of a hyperplane.
Finally we need to see which Higgs fields define the isomorphic Higgs bundles: the group of automor-
phisms of a nontrivial extension of O by itself is the additive group (C,+) ⊂ SL(2,C), and an element
t ∈ C acts on the Higgs field Φ by conjugation:
t.Φ =
(
1 t
0 1
)(
a b
c −a
)(
1 −t
0 1
)
=
(
1a+ tc b− 2ta− t2c
c −a− tc
)
Lemma 8.10. S4 is a C
2- bundle over a C∗- bundle over P1.
Proof. Let A be the kernel of the extension map in (1), minus the zero section: thus A is a C∗-bundle
over P1. We can think of p∗(End0(V) ⊗ KC) − p∗Hom(V,KC) as vector bundle of rank 3 over A.
Similarly, the kernel of the extension map of (2) gives rise to a vector bundle U over A of rank 2 and
the map
p∗Hom(V)→ p∗(End0(V)⊗KC)
lifts to a C-equivariant map
[p∗(End0(V)⊗KC)− p∗Hom(V,KC)]→ U
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of vector bundles over A whose kernel is of rank 2. Now we have to take automorphism into account:
the action of (C,+) on U is linear a 7→ a + tc, hence the quotient U/C os actually A itself. As the
map above is equivariant, we have that
[p∗(End0(V)⊗KC)− p∗Hom(V,KC)]/C→ U/C ∼= A
is a vector bundle of rank 2 over A. 
Corollary 8.11. The locus of stable Higgs bundles of type (iv) is isomorphic to 16 copies of S4, one
for each point of J0.
Thanks to lemma (8.10), we can now compute the Betti numbers of S4: first we notice that it is
homotopy equivalent to a C∗-bundle on P1. Using the Gysin sequence we have that the locus S4 of
stable Higgs bundles of type (iv) has the following cohomology with compact support:
H0(S4) ∼= H
0(P1) ∼= C
0→ H1(S4)→ C→ C→ H
2(S4)→ 0
H3(S4) ∼= H
2(P1) ∼= C
H i(S4) = 0 for all i = 4 . . . 8.
As the central map of the second equation is the cup product with the Euler class of the bundle A,
which is nontrivial, therefore it is nonzero and we have H1(S4) = H2(S4) = 0. Passing to compact
support cohomology with Poincare´ duality, the E-polynomial of S4 is
E(S4) = u
4v4 + u2v2

8.3. Unstable case. Consider the locus U of stable Higgs bundles (V,Φ) where V is an unstable
vector bundle with trivial determinant. Then there exists a line bundle L of degree d > 0 that fits an
exact sequence
0 // L // V // L−1 // 0
If d > 1 then the bundle L−2KC has no nonzero global section because it has negative degree,
hence L is Φ-invariant for any Higgs field Φ ∈ H0(End0(V )⊗KC). The only case we have to check is
deg(L) = 1. The line bundle L−2KC has degree 0: it has global sections if and only if it is trivial, that
is L is one of the 16 roots of the canonical bundle KC . As a consequence, if there exists an unstable
vector bundle V which is stable as a Higgs bundle, then it must be an extension of those bundles by
their duals. We show the following
Proposition 8.12. The locus U of stable Higgs bundles (V,Φ) with V unstable is isomorphic to C3.
As a consequence its cohomology with compact support is given by
H6c (U) = C H
i
c(U) = 0 otherwise.
and the E-polynomial of U is E(U) = u3v3.
Proof. Trivial case If V = L⊕ L−1 then
H0(End0(V )⊗KC) = H
0(KC)⊕H
0(L2KC)⊕H
0(L−2KC) ∼= C
2 ⊕ C3 ⊕ C
Thus the generic Higgs field will be of the form
Φ =
(
a b
c −a
)
with a ∈ H0(KC), b ∈ H
0(L2KC), c ∈ H
0(L−2KC).
Two Higgs fields define isomorphic Higgs bundles if and only if they are conjugate by an automorphism
of the bundle, which will lie in C∗ × (H0(KC),+) ⊂ SL(2,C). The action of C
∗ on the Higgs field is
precisely the one seen in the type (i) case. Therefore isomorphism classes of stable Higgs bundles are
parametrized by the disjoint union of 16 copies of
H0(KC)×
(H0(L−2KC)− {0}) ×H
0(L2KC))
C∗
∼= H0(KC)×H
0(L2KC) ∼= C
5.
Then we have to consider the action of (C2,+): if ζ ∈ H0(KC) = C
2 then it acts as(
1 ζ
0 1
)(
a b
c −a
)(
1 −ζ
0 1
)
=
(
a− ζc b+ 2ζa− ζ2c
c −a+ ζc
)
.
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Such an action is linear and free on a ∈ H0(KC) and whenever we fix a − ζc then the value of
b+2ζa− ζ2c is fixed as well. Therefore the quotient of H0(KC)×H
0(L2LKC) by (C
2,+) is precisely
C3.
Non trivial case
Non-trivial extensions of L by L−1 are parametrized by P(H1(L−2)) = P2 and fit the exact sequence
0→ L→ V → L−1 → 0.
If we again tensor by KC and apply the functor Hom(V,−) restricted to traceless endomorphisms,
when we take global sections we obtain
0→ H0(V ∗ ⊗ LKC)→ H
0(End0(V )⊗KC)→ H
0(V ∗ ⊗ L−1KC)→ H
1(V ∗ ⊗ LKC)→ . . .
Again, a Higgs bundle that has V as underlying vector bundle becomes stable if and only if its Higgs
field lies in the complement of the kernel of H0(End0(V )⊗KC)→ H
0(V ∗⊗L−1KC). First we notice
that due to trace condition Hom(V,L−1KXC = Hom(L,L
−1KC) ∼= C and H
1(L−2KC) ∼= H
1(O) ∼=
C2. Applying the functor Hom(,−LKC) and taking global sections we have that the long exact
sequence in cohomology splits in
0→ Hom(L−1, LKC)→ Hom(V,LKC)→ Hom(L,LKC)→ 0 = H
1(L2KC)
0→ H1(V ∗ ⊗ LKC)→ H
1(KC)→ 0.
From that we deduce that H1(V ∗ ⊗ LKC) ∼= H
1(KC) ∼= C; also Hom(L
−1, LKC) ∼= H
0(L2KC) ∼= C
3
and Hom(L,LKC) ∼= H0(KC) ∼= C2 thus Hom(V,LKC) ∼= C5. Coming back to the first long exact
sequence one has
0→ C5 → H0(End0(V )⊗KC)→ C→ C→ H
1(End0(V )⊗KC)→ C
2 → 0.
As the extension is nontrivial, one has that the map C → C is an isomorphism thus the map
H0(End0(V ) ⊗ KC) → C ∼= H
0(V ∗ ⊗ L−1KC) is zero and therefore the destabilizing bundle is pre-
served by any Higgs field. We conclude that there are no non-trivial unstable extensions of L by its
dual that give rise to a stable Higgs bundle.

9. Computation of the IE(MDol)
Now that we have computed the cohomology with compact support of all pieces we can sum them
up to obtain the cohomology with compact support ofMsDol. Let us do first a table to summarize the
Betti numbers we have computed so far
H0c H
1
c H
2
c H
3
c H
4
c H
5
c H
6
c H
7
c H
8
c H
9
c H
10
c H
11
c H
12
c
S0 0 0 0 0 0 0 0 0 0 5 0 0 1
S1 0 0 0 0 0 0 15 21 5 0 1 0 0
16×S3 0 0 0 0 0 16 16 0 0 0 0 0 0
16×S4 0 0 0 0 0 16 0 0 16 0 0 0 0
U 0 0 0 0 0 0 16 0 0 0 0 0 0
If we sum up all the E-polynomials computed so far we conclude that the E-polynomial ofMsDol is
E(MsDol) = u
6v6 + u5v5 + 16u4v4 + 11u3v3 − 17u2v2
9.1. Cohomology of Σ˜ \ Ω˜ and Ω˜.
9.1.1. Cohomology of Ω˜.
Lemma 9.1.
E(Ω˜)(u, v) = 16u3v3 + 16u2v2 + 16uv + 16
Proof. We recall that Ω˜ consists of 16 copies of a nonsingular hypersurface Grω(2,Λ1) in P4. Therefore
its cohomology is given by
H0(Ω˜) = H2(Ω˜) = H4(Ω˜) = H6(Ω˜) = C16
H1(Ω˜) = H3(Ω˜) = H5(Ω˜) = 0,
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thus the E-polynomial of Ω˜ is
E(Ω˜)(u, v) = 16u3v3 + 16u2v2 + 16uv + 16

9.1.2. Cohomology of Σ˜ \ Ω˜.
Lemma 9.2.
E(Σ˜ \ Ω˜)(u, v) = u5v5 + 5u4v4 + u5v3 + u3v5 + 5u3v3 + u2v4 + u4v2 + u2v2 − 16uv − 16
We observe that Σ˜\Ω˜ is P1 bundle over Σ0. Observe that Σ0 ∼= (Pic0(C)×H0(KC)/Z2\{16 points}.
First we notice that Σ = (Pic0(C)×H0(KC)/Z has the same cohomology J thus by Poincare´ duality
H4c (Σ)
∼= C of weights (2, 2)
H2c (Σ)
∼= C6 of weights 4(3, 3) + (2, 4) + (4, 2)
H8c (Σ)
∼= C of weights (4, 4)
H ic(Σ) = 0 otherwise
As Σ0 = Σ \ {16 points}, then it has the same cohomology groups as Σ except for H
1
c (Σ
0) ∼= C16 of
weight 0. By the properties of E-polynomials,
E(Σ˜ \ Ω˜)(u, v) = E(P1)E(Σ0)(u, v) = (uv + 1)(u4v4 + u2v4 + u4v2 + 4u3v3 + u2v2 − 16)
= u5v5 + 5u4v4 + u5v3 + u3v5 + 5u3v3 + u2v4 + u4v2 + u2v2 − 16uv − 16
As a result we have that
Theorem 9.3. Let M˜Dol the semismall desingularization of MDol. The E-polynomial of M˜Dol is
E(M˜Dol) = u
6v6 + 2u5v5 + 21u4v4 + u5v3 + u3v5 + 32u3v3 + u2v4 + u4v2.
By theorem (12), if we subtract the top cohomology of the fibres, we get that the E-polynomial for
the intersection cohomology of MDol is
IE(MDol) = u
6v6 + u5v5 + 15u4v4 + u5v3 + u3v5 + 15u3v3 + u2v4 + u4v2.
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